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Whether spin-independent Coulomb interaction in an electron system can be
the origin of ferromagnetism has been an open problem for a long time.
Recently, a “constructive” approach to this problem has been developed, and
the existence of ferromagnetism in the ground states of certain Hubbard models
was established rigorously. A special feature of these Hubbard models is that
their lowest bands (in the corresponding single-electron problems) are com-
pletely flat. Here we study models obtained by adding small but arbitrary trans-
lation-invariant perturbation to the hopping Hamiltonian of these flat-band
models. The resulting models have nearly flat lowest bands. We prove that the
ferromagnetic state is stable against a single-spin {lip provided that Coulomb
interaction U is sufficiently large. (It is easily found that the same state is
unstable against a single-spin flip if U is small enough.) We also prove upper
and lower bounds for the dispersion relation of the lowest energy eigenstate
with a single flipped spin, which bounds establish that the model has “healthy”
spin-wave excitation. It is notable that the (local) stability of ferromagnetism is
proved in nonsingular Hubbard models, in which we must overcome competi-
tion between the kinetic energy and the Coulomb interaction. We also note that
this is one of the very few rigorous and robust results which deal with truly non-
perturbative phenomena in many-electron systems. The local stability strongly
suggests that the Hubbard models with nearly flat bands have ferromagnetic
ground states. We believe that the present models can be studied as paradigm
models for (insulating) ferromagnetism in itinerant electron systems.
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1. INTRODUCTION

1.1. Background

The origin of the strong ferromagnetic ordering observed in some materials
has long been a mystery.’®’ Since noninteracting electron systems univer-
sally exhibit paramagnetism, the origin of ferromagnetism should be sought
in electron-electron interaction. In most solids, however, the dominant part
of the interaction between electrons is the Coulomb interaction, which is
perfectly spin independent (e.g., see ref. 3, Chapter 32, p. 674). Therefore we
are faced with a very interesting and fundamental problem in theoretical
physics, to determine whether spin-independent interaction in an itinerant
electron system can be the origin of ferromagnetic ordering. This problem is
important not only because ferromagnetism is a very common (and useful)
phenomenon, but because it focuses on the fundamental role of nonlinear
interactions in many-body quantum mechanical systems.

The present work is a continuation of our work in refs. 47 and 34,
where we dealt with the above fundamental problem from the standpoint
of “constructive condensed matter physics.” Our goal is to provide concrete
models in which the existence of ferromagnetic ordering can be established
rigorously. Such models should shed light on mechanisms by which the
Coulomb interaction generates ferromagnetic ordering.

It was Heisenberg''®) who first realized that ferromagnetism is an
intrinsically quantum mechanical phenomenon. In Heisenberg’s approach
to ferromagnetism, one starts from the picture that each electron (relevant
to magnetism) is almost localized at an atomic orbit. By treating the effect
of Coulomb interaction and overlap between nearby atomic orbits in a per-
turbative manner, Heisenberg concluded that “exchange interaction”
appears between nearby electronic spins, which determines the magnetic
properties of the system.

The validity of the Heisenberg picture has been challenged from both
theoretical and-physical points of views (see, for example, ref. 15). It has
been realized that in most situations the exchange interaction 1is
antiferromagnetic rather than ferromagnetic. Moreover, conditions which
would justify the basic assumption that electrons can be treated as localized
at atomic sites are not well understood.?

* This issue is closely related to the problem of Mott-Hubbard insulators.
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In a different approach to the problem of ferromagnetism originated
by Bloch'®’ one starts from the quantum mechanical free electron gas, in
which electrons are in plane-wave-like states. One then treats the effect of
Coulomb interaction perturbatively and tries to find instability against
certain magnetic ordering. When combined with the Hartree—Fock
approximation (or a mean-field theory), this approach leads to the picture
that there is an instability against ferromagnetism when the density of
states at the Fermi energy and the Coulomb interaction are sufficiently
large.

It has been realized, however, that the Hartree-Fock approximation
drastically overestimates the tendency toward ferromagnetism, thus predic-
ting the existence of ferromagnetism in many situations where it does not
take place. From a theoretical point of view, the approximation is
unsatisfactory since it artificially replaces the fundamental SU(2) symmetry
(ie., rotation symmetry in the spin space) of the electron systems with a
discrete Z, symmetry. Although there have been many improvements of the
simple Hartree-Fock theory, this approach does not provide a conclusive
answer to the fundamental problem about the origin of ferromagnetism
that we raised in the beginning of the present subsection. See, for example,
ref. 16 for a review.

1.2. Ferromagnetism in the Hubbard Model

A modern version of the problem of the origin of ferromagnetism was
formulated by Kanamori,''® Gutzwiller,"* and Hubbard"'” in 1960s.
(A similar formulation was given earlier, for example, in ref. 41.) They
studied simple tight-binding models of electrons with on-site Coulomb
interaction® of strength U. The model is usually called the Hubbard model.
When there is no electron—electron interaction (i.e, U=0), the model
exhibits paramagnetism as an inevitable consequence of the Pauli exclusion
principle. Among other things, Kanamori, Gutzwiller, and Hubbard asked
whether the paramagnetism found for U=0 can be converted into ferro-
magnetism when there is a sufficiently large Coulomb interaction U. This is
a concrete formulation of the fundamental problem that we raised in the
opening of the previous subsection.

It is worth noting that the on-site Coulomb interaction itself is com-
pletely independent of electronic spins, and does not favor any magnetic

31t is sometimes argued that the originally long-ranged Coulomb interaction becomes short
ranged by the screening effect from electrons in the bands (or orbits) which are nor taken
into account in the Hubbard model. But it is still true that the assumption that there is only
on-site interaction is highly artificial.
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ordering. Therefore one does not find any terms in the Hubbard
Hamiltonian which explicitly favor ferromagnetism (or any other ordering).
Our theoretical goal will be to show that magnetic ordering arises as a
consequence of a subtle interplay between the kinetic motion of electrons
and the short-ranged Coulomb interaction. It is interesting to compare the
situation with that in spin systems, where one is often given a Hamiltonian
which favors some kind of magnetic ordering and the major task is to
investigate if such ordering really takes place. We can say that the Hubbard
model formulation goes deeper into fundamental mechanisms of magnetism
than that of spin systems. It offers a challenging problem to theoretical
physicists to derive magnetic interaction from models which do not
explicitly contain such interactions. Perhaps the best justification of
the Hubbard model as a standard model of itinerant electron systems
comes from such a theoretical consideration, rather than its accuracy in
modeling narrow-band electron systems. See also the introductions in
refs. 34, 35, and 43 for discussions about ferromagnetism in the Hubbard
model.

We stress that ferromagnetism is mot a universal property of the
Hubbard model. The Hubbard mode! is believed to exhibit various
phenomena including paramagnetism, antiferromagnetism, ferrimagnetism,
ferromagnetism, or superconductivity, depending on various conditions.
Such drastic “nonuniversality” of the model motivated us to take the
present “constructive” approach rather than to prove theorems which
apply to general Hubbard models.

The problem of ferromagnetism in the Hubbard model was extensively
studied by using various heuristic methods. The Hartree-Fock approxima-
tion discussed above leads one to the so-called Stoner criterion. It says that
the Hubbard model exhibits ferromagnetism if one has UDg > 1, where D¢
is the density of states of the corresponding single-electron problem
measured at the Fermi level (of the corresponding noninteracting system).
Although the criterion cannot be trusted literally, it guides us to look for
ferromagnetism in models with not too small U and/or large density of
states.

The first rigorous result about ferromagnetism in the Hubbard model
was provided by Nagaoka*® and independently by Thouless.*® It was
proved that certain Hubbard models have ground states with saturated
ferromagnetism when there is exactly one hole and the Coulomb repulsion
U is infinite. See refs. 26 and 46 for shorter proofs. Whether the Nagaoka-
Thouless ferromagnetism survives in the models with finite density of holes
and/or finite Coulomb repulsion is a very interesting but totally unsolved
problem. (8:3%:44.45.54.13.37,25.22) Gee also the introduction of ref. 35 for a com-
pact review of this subject.
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Very recently, Miiller-Hartmann®*>’ argued that the Hubbard model
with U= 00 on a one-dimensional zigzag chain exhibits ferromagnetism.*
Interestingly, the geometry of the chain is similar to that of one-dimen-
sional models studied in the present paper.

Remark. It should be noted that the Hubbard model is by no
means the unique formulation for studying strong correlation effects in
narrow-band itinerant-electron systems. If one recalls how a tight-binding
model is derived (or supposed to be derived) from a continuum model,
there is a good reason to study models with more complicated interactions
than mere on-site Coulomb repulsion. One can even include interactions
which explicitly favor ferromagnetism, and still formulate interesting
problems. See ref. 42 for an approach to ferromagnetism in such extended
Hubbard models.

1.3. Flat-Band Ferromagnetism

In 1989, Lieb proved an important general theorem for the Hubbard
model at half-filling on a bipartite lattice.?”’ As a corollary of the theorem,
Lieb showed that a rather general class of Hubbard models exhibits
ferrimagnetism.’ See also ref. 40.

In 1991, Mielke®*3" came up with a new class of rigorous examples
of ferromagnetism in the Hubbard model. He showed that the Hubbard
models on a general class of line graphs have ferromagnetic ground states.
A special feature of Mielke’s model is that the corresponding single-elec-
tron Schrédinger equation® has highly degenerate ground states. In other
words, Mielke’s models have flat (or dispersionless) bands. The original
results of Mielke’s were for the electron number which corresponds to the
half-filling of the lowest flat band, but later they were extended to different
electron densities in two-dimensional models.'*?!

A similar but different class of examples of ferromagnetism in the
Hubbard models was proposed in refs. 47 and 34. These models were
defined on a class of decorated lattices, and were also characterized by flat
bands at the bottom of the single-electron spectrum. In a class of models

4 Although Miiller-Hartmann’s argument is quite interesting, it does not form a mathemati-
cally rigorous proof (as far as we can read off from ref. 35). The argument involves an
uncontrolled continuum limit of a strongly interacting system. To make it into a rigorous
proof seems to be a nontrivial task.

* Ferrimagnetism is a kind of antiferromagnetism on a bipartite lattice such that the numbers
of sites in two sublattices are different.

¢ Here (and throughout the present paper) we are talking about the genuine one-particle
problem, not an effective (and usually ill-defined) one-particle problem in an interacting
system which is often discussed in heuristic works.
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in two and higher dimensions, it was proved that the ferromagnetism is
stable against fluctuation of electron numbers.‘4’-%

The examples of ferromagnetism in refs. 30-32, 47, and 34 are common
in that they treat special models with flat lowest bands.” The ferromagnetism
established for these models is now called flat-band ferromagnetism.'**
There is a general theorem due to Mielke*® which states a necessary and
sufficient condition for a Hubbard model with a flat lowest band to exhibit
ferromagnetism when the flat-band is half-filled. Although flat-band ferro-
magnetism sheds light on very important aspects of the role of strong inter-
action in itinerant electron systems, it relies on the rather singular assump-
tion that the models have completely flat bands. As we discuss in Section 2.1,
we do not have true “competition” between the kinetic energy and the
Coulomb interaction.

If one adds a small perturbation to the hopping Hamiltonian of a flat-
band model, one generically gets a model with slightly dispersive lowest
band. It was conjectured®’* that such models with nearly flat bands
exhibit ferromagnetism, provided that the Coulomb interaction U is large
enough. Kusakabe and Aoki'**? presented a detailed study of this
problem by numerical experiments and careful variational calculations.
Their results provide strong support for the conjecture that the flat-band
ferromagnetism is stable against small perturbations to the band structure.

We stress that this is a very delicate conjecture for the following
reasons.

e When the ground states are ferromagnetically ordered, there
inevitably exist spin-wave (magnon, or Nambu—Goldstone) modes
whose excitation energies are of order L~2, where L denotes the
linear size of the lattice. The total energy of the perturbation, on the
other hand, is always proportional to the system volume L“ This
means that the total perturbation always exceeds the energy gap
when the system size becomes large. Such a situation can never be
dealt with naive perturbation theories.

e When the lowest band is nonflat, the model with U=0 exhibits
Pauli paramagnetism. It is strongly believed that, for sufficiently
small U, the ground states of the models (in finite volumes) are spin
singlet. Therefore one must have sufficiently large U to get
ferromagnetism. This means that the problem is a truly nonpertur-
bative one.

In other words, one must directly face the notoriously difficult problem of
“competition” between the kinetic energy and the Coulomb interaction.

" Lieb’s examples also have flat bands in the middle of the single-electron spectra.
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Technically speaking, this nature of the problem inhibits one from making
use of the common strategy of constructing exact ground states by mini-
mizing local Hamiltonians.® This strategy has been used to derive exact
ground states of various (extended) Hubbard models'®4>430.7 a5 wel] as
in our early work”*¥ on the flat-band Hubbard models. While there are
rigorous perturbation theories for various many-body problems, including
classical and quantum spin systems and quantum field theories, there is, as
far as we know, no general theory which enables one to control generic
perturbation in models which exhibit continuous symmetry breaking.

1.4. About the Present Paper

In the present paper, we report the first important step toward the
solution of the above problem about the stability of flat-band ferro-
magnetism. We treat models with nearly flat bands obtained by adding
almost arbitrary perturbations to the hopping matrices of the flat-band
models. For sufficiently large U, we prove that the ferromagnetic state is
locally stable. More precisely, we show that the lowest energy among
ferromagnetic states is strictly less than the lowest energy among states
with a single flipped spin. The local stability, along with the global stability
established for the flat-band models, strongly suggests that the ferro-
magnetic states are the true ground states of the present models for suf-
ficiently large U. (See the remark below.) We also prove that, in a certain
range of the parameter space, the spin-wave dispersion relations of the
present models behave exactly like those in the Heisenberg ferromagnet.
This confirms the conjecture of Kusakabe and Aoki.'**’ These results were
first announced in ref. 49.

As far as we know, this is the first time that the (local) stability of
ferromagnetism is proved in truly nonsingular Hubbard models, over-
coming the competition between the kinetic energy and the Coulomb inter-
action. We also note that this is one of the very few rigorous and robust
works in which nonperturbative aspects of many-electron problems are
treated. Recently there have been remarkable progress in rigorous treat-
ment of interacting many-fermion systems based on renormalization group
techniques. However, these treatments deal only with weak coupling
phenomena such as the Tomonaga-Luttinger liquid*’ and superconduc-
tivity.'?

The present paper is organized as follows. In Section 2, we restrict our-
selves to the simplest one-dimensional models and discuss our main results

#1t turned out that there are exceptions to this statement.'"" See the remark at the end of
Section 1.4. However, we still believe that the above comment is true for generic models.
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and the ideas behind the proof. We have tried to make this section
accessible to a wide range of readers. In Section 3, we introduce a general
class of models in arbitrary dimensions and state our rigorous results
precisely. Sections 4-10 are devoted to the proof of our theorems. We have
carefully organized the lengthy proof so as to make it as readable as
possible. One can read off the organization of these sections by taking a
look at the table of contents. In general, earlier sections contain physically
interesting ideas, and later sections contain technical materials. A browse
through Sections 4-6 should give the reader a clear idea about the detailed
structure of our proof.

Remark. After the completion of the present paper, we finally suc-
ceeded in proving the global stability of ferromagnetism in Hubbard
models obtained by adding a special perturbation to the flat-band
models.”>'? We stress that this new result does not diminish the importance
of the present work. Even for the models treated in the ref. 51 the only way
(that we know of) to prove meaningful lower bounds for spin-wave excita-
tion energy is via the machinery developed here. The robustness of the pre-
sent results (in the sense that we allow arbitrary weak translation-invariant
perturbation) is also important.

2. STABILITY OF FERROMAGNETISM IN
ONE-DIMENSIONAL MODELS

In the present section, we discuss our main results and the basic ideas
of their proof in the context of simplest one-dimensiona! Hubbard models.
The advantage of restricting ourselves to one-dimensional models is that
we can discuss the essence of our theory without being bothered by many
technical details. In particular the analysis of the band structure (Sec-
tion 2.3) and the construction of localized bases (Section 2.4) can be carried
out in an explicit and elementary manner thanks to special features of the
simple models. These explicit calculation will be a good introduction to
more elaborate analyses in the general class of models. Fortunately, the
ideas developed in one-dimensional models can be used in the study of the
general models in higher dimensions with only technical modifications.

We have  tried to make the present section self-contained and
accessible to a wide range of readers. We urge the reader to take a look at
this section, whether or not he or she is planning to study the later sections.

We note that what we present in this section is far from a complete
mathematical proof. We often neglect “small” contributions without any
justification, and some of the formulas are not perfectly correct (in view of
the rigorous analysis presented in the later sections). Nevertheless we
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believe that the material presented here will give a clear idea about the
philosophy and the structure of our proof.

2.1. Models and Main Results

We define the simplest two-band models in one dimension and
describe what we can prove about the stability of ferromagnetism and the
spin-wave dispersion relations. We stress that the restriction to one dimen-
sion is by no means essential. All the results here extend to corresponding
models in higher dimensions (i.e., two, three, or even higher). The reader
who is not planning to study the later sections is invited to take a brief look
at Section 3, especially at Figs. 7-9 of two-dimensional lattices and band
structures.

Let L be a fixed odd integer, and denote by

L-1 L-1
A0={— Tg..-, —1; 0: la"', T}CZ (21)

the chain of length L (identified with a set of integers). We also define

, 1
A —Ao+§—{— 5+ L., — 3033 E} (22)

which is the chain obtained by shifting A, by 1/2. Our lattice 4 is obtained
by “decorating” the chain A, by the sites from A’ as A=A, 0 A". See
Fig. 1. One may regard our lattice structure as mimicking that of an oxide,
where sites in 4, correspond to metallic atoms and sites in A’ correspond
to oxygen atoms. We have no intention of building models which are
realistic from the viewpoint of condensed matter physics. But this analogy

o

Fig. 1. The one-dimensional lattice studied in Section 2. We identify the leftmost site with the
rightmost site to get a closed chain. The black dots represent sites in A, (metallic atoms) and
the gray dots represent sites in A’ (oxygen atoms). There are two types of hopping r and s
and on-site (one-body) potential V. In addition we have on-site Coulomb repulsion U> 0 at
each site. There are 2L sites in the lattice, and we put L electrons in the system. (Here L =5.)
For the flat-band models characterized by s=Ar, ¥=(4>—2) t with 1>0, ¢> 0, the ground
states of the models are proved to be ferromagnetic. Here we prove the local stability of
ferromagnetism for models obtained by adding small perturbations to the flat-band models.

6—. o B e::> \o"_-;5
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proves to be helpful in understanding various aspects of our work, includ-
ing the basic mechanism of ferromagnetism.
We shall study the Hubbard model on 4 with the Hamiltonian

H=t Z (CI‘aC_\.+l_a+h.C.)+S z (Cl.ac.\'+(l/2).d+h'c')

xed, xed
o=1.1 og=1.l
+V Y n,+UY non,., (2.3)
xed xeAd
og=1.1

where we use periodic boundary conditions to identify x with x—L if
necessary. Here ¢!, and c,, are the creation and the annihilation
operators, respectively, of an electron at site® x € 4 with spin ¢ = 1, |. They
satisfy the standard fermionic anticommutation relations. [See (3.11),
(3.12) for details.] The corresponding number operator is n,,=c! c, .
Finally, “h.c.” in (2.3) stands for the Hermitian conjugate.

The real parameters ¢ and s represent the amplitudes that an electron
hops between neighboring sites in A, (separated by a distance 1) and
between neighboring sites in A (separated by a distance 1/2), respectively.
The real parameter V is the on-site potential energy for the sites in A’
(see Fig.1). The first three terms in (2.3) determine single-electron
properties of the model. The fourth term is the on-site Coulomb inter-
action characteristic in the Hubbard model with the interaction energy
U>0.

We consider many-electron states with the total electron number fixed
to L. (See the end of Section 3.2 for an explicit construction of the Hilbert
space.) Since there are 2L sites in the lattice A, the present electron number
corresponds to the quarter-filling of the whole bands (or the half-filling of
the lower band). This electron number is natural if one imagines that each
site in 4, (which corresponds to a metallic atom) emits one electron to the
band.'?

® More precisely, these operators correspond to an orbital state around the atom at x. We
have here assumed that each orbit is nondegenerate. Usually models based on such an
assumption are feferred to as single-band Hubbard models. We find this terminology con-
fusing since our model indeed has multiple bands in its single-electron spectrum. We think
a better terminology is “single-state” Hubbard model. Then the models we consider are
classified as “single-state multiband Hubbard models.”

10 Of course one gets the same electron number if each site in 4’ emits one electron. But we
want to insist on the present picture since it gives the desired electron number for the
general class of models studied later. Moreover, the picture to identify A4, sites as metallic
atoms is consistent with the nature of the “ferromagnetic ground states.”
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The first result about ferromagnetism deals with the so-called flat-band
Hubbard model. To define the model, we introduce a parameter A >0, and
set!!

s= A, V=(2*-2)t (2.4)

The following strong result was proved in refs. 47 and 34.

Theorem 2.1 (Flat-band ferromagnetism). Let r>0 and 4>0 be
arbitrary, and let s and V be determined by (2.4). Then, for any U> 0, the
ground states of the Hamiltonian (2.3) exhibit saturated ferromagnetism,
and are nondegenerate apart from the trivial spin degeneracy.

More precisely, a state is said to “exhibit saturated ferromagnetism”
if the total spin S, of the state takes the maximum possible value
Sax = L/2. See the end of Section 3.2 for a precise definition of S,. See
also Theorem 3.1 for the general theorem and Section 5.4 for a proof. The
flat-band ferromagnetism has been established for a general class of models
including those in higher dimensions.”** In a class of models in two and
higher dimensions, the existence of ferromagnetism for lower electron den-
sities as well as the existence of a paramagnetism—ferromagnetism trans-
ition (as the electron density is changed) are established rigorously.'?>47-3%

A model determined by the conditions (2.4) with t>0 and A >0 has a
very special feature that the ground states of the corresponding single-
electron Schrodinger equation are L-fold degenerate. In other words, the lower
band (in its single-electron spectrum) is dispersionless (or flat). We shall see
this explicitly in Section 2.3. See Fig. 2a in Section 2.3. As a consequence, the
many-electron ground states in the noninteracting model with U =0 are highly
degenerate. The total spin can take any of the allowed values S, =1/2,
3/2,.., L/2. This is a kind of parramagnetism, but is certainly different from the
Pauli paramagnetism which allows only unique (or twofold degenerate)
ground state(s) with the minimum possible S,,, (which is 0 or 1/2).

The role of the Coulomb interaction U in flat-band ferromagnetism
is to lift the above-mentioned degeneracy and to “select” only the ferro-
magnetic states as ground states. This is why even infinitesimaly small U is
sufficient for stabilizing ferromagnetism. Although the flat-band ferro-
magnetism focuses on a nontrivial and important effect caused by electron
interactions, it avoids dealing with the truly difficult problem about
“competition” between the kinetic energy and the electron interactions.

" The model studied here is obtained by setting d=v =1 in the general class of models intro-
duced in Section 3.2 and studied in the later sections. In the Hamiltonian of the later
sections, the energy is shifted by a constant so that the lowest band in the flat-band models
has vanishing energy.
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Let us now turn to the models with nearly flat bands obtained by per-
turbing the above models. In order to simplify the discussion, we consider
the simplest possible perturbation.'? Instead of (2.4), let us set

s=A, V=(A2=2+p)t (2.5)

where the parameter p measures the strength of the perturbation. As we see
soon in Section 2.3, the lower band is no longer flat for p #0.

Let E,;.(S.) denote the lowest energy among the L-electron states
with a given total spin S,,,. The Pauli exclusion principle implies that, for
a model with p#0 and U=0, these energies satisfy the monotonicity
inequality

Emin( 1/2) < Emin(?’/z) <---< Emin(Smax - 1) <Emin(Smax) (26)

with S,..« = L/2. This is nothing but the Pauli paramagnetism.

We want to examine if these strict inequalities can be reversed as a
consequence of on-site Coulomb interaction. We stress that this is a truly
nonperturbative problem in which one must directly face the “competition”
between the kinetic energy and the interaction. In fact it is quite easy to see
that we must have a sufficiently large U to stabilize ferromagnetism.

Theorem 2.2 (Instability of “ferromagnetic ground states” for
small U). Let >0 and A>0 be arbitrary, and let s and ¥ be determined
by (2.5). We assume p #0. Let

p)=(1/2) |4={(A2+4) > +2p(2* —4)} "7 + (A + 2pA2) 2|
={4/(A*+4)} t|p| + O(p*)

denote the band width of the lower band. Then for U satistying
0< U<é(p), we have

Emin( Smax -1 ) < Emin( Smax) (27)

This is the one-dimensional version of Theorem 3.3.

We call the states with S,,, = S,,.x Which have the energy E,_.(Smax)
the “ferromagnetic ground states.”'* It is easily found that the
“ferromagnetic ground states” are nondegenerate apart from the trivial
(2Smax + 1) =(L + 1)-fold degeneracy. (See Lemma 3.2.)

"2 In the general treatment described in the later sections, we allow completely general pertur-
bations with translation invariance and certain summability. See Section 3.2.
"* This is a slight abuse of the word, since the states are not necessarily the true ground states.
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Theorem 2.2 states that the “ferromagnetic ground states” are unstable
against a single-spin flip. Although the inequality (2.7) does not tell us
what the ground state of the model is, it does establish that the
“ferromagnetic ground states” are not the true ground states.

Of course results like Theorem 2.2 can be proved rather easily by the
standard variational argument. What is really interesting (and difficult) is
to get a reversed inequality for models with larger values of U. The follow-
ing is the most important result of the present paper.

Theorem 2.3 (Local stability of “ferromagnetic ground states”).
Let 1> 0, and let s and V be determined by (2.5). We further assume that
Az Ay, |pl<py, Alpl < p,. and

UK, 2%t |p| (2.8)
where 1,, p,, p;, and K, are positive constants.'* Then we have

E Smax_1)>Emin(Smax) (29)

min(
This is the one-dimensional version of Theorem 3.4.

The bound (2.9) states that the “ferromagnetic ground states” are
stable under a single-spin flip. Clearly the most important condition for the
above local stability theorem is (2.8), which says we must have sufficiently
large Coulomb interaction (compared with the bandwidth oc |p| ¢). This is
natural since the opposite inequality (2.7) holds if U is small. We can say
that the above local stability theorem establishes a truly nonperturbative
result in which the “competition” between the kinetic energy and the elec-
tron interaction is successfully dealt with.

Recall that both the energies E ; (Smax—1) and E_ ;i (Sh.x) grow
proportionally to the lattice size L“, while their difference should be
proportional to L2 In such a situation, there seems to be little hope in
proving the desired inequality (2.9) for large L by combining a suitable
lower bound for the left-hand side and an upper bound for the right-hand
side. However, there are some nice features that save our task from being
impossible. In the subspace with S, = S,,.... the on-site Coulomb repulsion
is completely irrelevant because of the Pauli principle. Therefore the energy
E . i(Smax) in the right-hand side of (2.9) is nothing but the ground-state
energy of the corresponding noninteracting spinless fermion, which energy
is known exactly (at least formally). In the subspace with S,;, =S .«— 1.
the on-site repulsion does play a highly nontrivial role, but one can still

4 We use the same symbols for the constants as in the later sections. In general models, the
constants depend on the basic model parameters d, v, and R, but here they are simply
constants.
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imagine that its effect is (at most) of order 1 rather than of order L% This
is because (in a suitable representation) there is only one electron with
down spin, and this single electron interacts with the rest of the electrons
with up spin. This intuitive observation is indeed the basic starting point
of our proof.

We are also able to establish rather strong results about the excita-
tion energy above the “ferromagnetic ground states” Let 4 ={k=
2an/(L—1)|neZ st. |n| <(L—1)/2} be the set of wave numbers allowed
in the present model. For k€ 4", we denote by #, the Hilbert space of the
states which have a definite crystal momentum k and which contain (L — 1)
up-spin electrons and one down-spin electron. [See (3.34) for a precise
definition.] We let Egw(k) be the lowest energy among the states in .
Note that Egw(k) can be interpreted as the energy of an elementary spin-
wave excitation. The following theorem essentially determines the behavior
of Eqwlk).

Theorem 2.4 (Bounds on the spin-wave energy). Let >0, and let
s and V be determined by (2.5). Assume that 1= 4;, |p| <p,, and K, A1 2
Uz A32%t |p|, where 2;, p,. K>, and A, are positive constants. Then we
have

au/ . k\? AU [ . k\?
F3F<5m 5) SESW(k)—Emin(Smax)sFl ?<sm 5) (210)
with
A A%t |p)?
F1=1+—4+A51|pl+—6—M— (2.11)
A U
and
A, A;ﬂ.zflpl
Fo=1—4, |p| =225 2.12
2 ]lpl ); U ( )

where A4, (i=1,..., 6) are positive constants.

This is the one-dimensional version of Theorems 3.5 and 3.6.
It is remarkable that we have F,~F,~1 if i>1, 1|p| <1, and
Us 2°t |p|. In this case the bounds (2.10) imply

Equll) = Epin(Soas) =~ ‘;—Y <sin §> =2 <sin '§‘> (2.13)

822/84/3-4-15
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which is nothing but the spin-wave dispersion relation for the
ferromagnetic Heisenberg spin system. (See Section 2.6.) This result is very
important since it guarantees that our Hubbard model develops low-lying
excited states with the precise structure expected in a “healthy” ferro-
magnetic system.

Theorem 2.4 is also meaningful when applied to the flat-band model
with p=0. The theorem guarantees that the exchange interaction
J.r~2U/A* [ which appears in (2.13)] remains finite even for the flat-band
models, thus confirming the conjecture of Kusakabe and Aoki.'** We can
conclude that the ferromagnetism in the flat-band models is not at all
pathological'® in spite of the rather artificial condition imposed on the
models.

The reader may notice that Theorem 2.4, unlike Theorem 2.3, requires
an upper bound for the Coulomb interaction U. There indeed is a physical
reason for this limitation. Our proof of Theorem 2.4 is based on an explicit
construction of the state which approximates the elementary spin-wave
excitation.

Our approximate excited state, however, takes into account the effect
of interaction U in a rather crude way. This inhibits us from getting precise
estimate in the models with larger values of U. That our analysis is not
efficient for large U can be easily seen from our formula for the effective
exchange interaction J.;=2UA ¢, which is proportional to U. For larger
values of U, we expect J.; to be “renormalized” to a less increasing func-
tion of U. In particular, Kusakabe and Aoki‘*®' pointed out that J.;
remains finite even in the limit U1 oo. A proof of this fascinating conjecture
might be possible if one extends the present work by devising a more
efficient approximate excited state which takes into account the large-U
“renormalization” in a proper manner.

2.2. Discussions and Open Problems

The inequality (2.9) stated in our main Theorem 2.3 only establishes
the local stability of the “ferromagnetic ground states,” not the desired
global stability. However, the strong result for the flat-band models sum-
marized in Theorem 2.1 suggests that the local stability (2.9) implies that
the “ferromagnetic ground states” are the true ground states. In the course
of constructing our proof of the local stability theorem, we have developed
a heuristic picture about the mechanism underlying ferromagnetism in our

'S We recall that Nagaoka’s example of ferromagnetism is known to have a pathological
spin-wave dispersion relation.®®?? As for the other rigorous examples, no results about
spin-wave excitations are known.
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model. The picture, which is briefly described in Section 2.6, also indicates
that ferromagnetic states are the true ground states. As we have noted in
the remark at the end of Section 1.4, this conjecture has been verified for
a special class of perturbations.

It is interesting to look at our rigorous results in the hight of tradi-
tional approaches to ferromagnetism discussed in Sections 1.1 and 1.2. In
order to guarantee the existence of ferromagnetism in our model, we
assumed that p is small enough so that the band is nearly flat and the
Coulomb interaction U is large enough. Since a nearly flat band has large
density of states, our requirement shares something in common with the
Stoner criterion. Of course there is no hope that the criterion UDg>1
gives reliable conditions for the range of parameters where ferromagnetism
takes place. The improved criterion for ferromagnetism due to
Kanamori''® and the accompanying formula for effective U do not seem to
coincide with our results.

If one looks into the proof of the theorems, however, it becomes clear
that there i1s a picture quite similar to that developed by Heisenberg. We
use a basis in which each electron is treated as almost localized at each lat-
tice site in A,. The basic mechanism for stabilizing ferromagnetism comes
from the “exchange” part of the interaction Hamiltonian, which is in prin-
ciple the same as what Heisenberg treated. See also Section 2.6.

It is amusing that the ferromagnetism in our model may be understood
in terms of the above two heuristic pictures. Usually the band electron pic-
ture and the Heisenberg’s localized electron picture of ferromagnetism are
regarded as incompatible with each other.

All the rigorous results summarized in the previous subsection strongly
suggest that our Hubbard model exhibits nonpathological ferromagnetism
in the vicinity of the flat-band models characterized by (2.4). However we
are far from understanding precise (necessary and sufficient) condition for
ferromagnetism. We believe that the one-dimensional Hubbard model with
the Hamiltonian (2.3) at quarter-filling can be studied as a paradigm model
for itinerant electron ferromagnetism (in insulators). To determine the
region (in the three-dimensional parameter space spanned by s, V, and U,
as well as the sign of #) where ferromagnetism takes place is a challenging
and very illuminating problem that can be studied by various methods,
including numerical ones.

One might regard the models with only nearest neighbor hoppings
(obtained by setting 1=0) as “standard.” However, the Lieb—Mattis
theorem®® ensures'® that such models do not exhibit ferromagnetism for
any values of ¥ and U. This shows that the appearance of ferromagnetism

16 Rigorously speaking, this is true only for the models with open boundary conditions.
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is a rather delicate phenomenon which cannot be determined by simple
criteria like the Stoner criterion.

There is a perturbative argument®?’ (similar to that in Section 2.6)
which suggests that the Hubbard model with Hamiltonian (2.3) exhibits
ferromagnetism in a finite but not very large region including the flat-band
models. Perhaps this observation is consistent with the empirical fact that
most of the known insulators appear to be antiferromagnets.!’

The electron number we have chosen corresponds to the half-filling of
the lower (nearly flat) band. This is also the case for the general class of
models studied in the later sections. From the standard band-theoretic
point of view, an electron system with such a filling becomes metallic.
When the Coulomb interaction U is sufficiently large in our models,
however, the strong correlation makes the lower band (effectively) fully
filled. Since the lower band is separated by an energy gap from the upper
band, the system is expected to become an insulator. In this sense, our
models provide examples of Mott—Hubbard insulators. This is also true for
the general models in higher dimensions.

We expect to get ferromagnetic metals by lowering the electron density
in the present models. In the flat-band case® we found that the model
must be at least two dimensional in order for ferromagnetism to be stable
against the change of electron density. We argued that the one-dimensional
flat-band model exhibits ferromagnetism only when the lower band is
exactly half-filled, and exhibits paramagnetism for any lower electron den-
sities.'® We believe that this dimensional dependence is a special feature of
the flat-band models in which electrons “cannot move” (in some sense).

We believe that our Hubbard models with nearly flat band in any
dimensions with lower electron density are among the best candidates of
itinerant electron systems which exhibit metallic ferromagnetism. Unfor-
tunately we have no rigorous results in this direction.

Finally we recall that, in dimensions one or two, ferromagnetism in
any short-ranged model with a rotation symmetry is inevitably destroyed
by infinitesimally small thermal fluctuation."'’?!" In order to have
ferromagnetism stable at finite temperatures, we must treat models in (at
least) three dimensions. We expect that ferromagnetism in the three-dimen-
sional versions of our models survives at finite temperatures, but have no
rigorous results. '

' Recently there have appeared a few organic compounds which are insulating ferromagnets.

'® We did not give a proof of the latter statement in ref. 34, but we believe there is no essential
difficulty in proving it rigorously.

" We recall that the existence of a ferromagnetic order in the ferromagnetic quantum
Heisenberg model at low enough temperatures is not yet proved.’®’ 1t is very likely that the
corresponding problem in the Hubbard model is much harder.



Stability of Ferromagnetism in Hubbard Models 553

When one recalls the fact that we are so familiar in our daily lives with
metallic ferromagnetism stable at room temperatures, to prove the exist-
ence of metallic ferromagnetism (say, in our models with lower electron
densities) at low enough temperatures may appear as a modest goal. From
the theoretical and mathematical points of views, however, the problem
looks formidably difficult. It seems that not only mathematical techniques,
but a fundamental understanding of the “physics” of itinerant electron
ferromagnetism are still lacking.

2.3. Band Structure in the Single-Electron Problem

Before going into the full many-body problem, it is useful to
investigate the corresponding single-electron problem. The single-electron
Schrddinger equation corresponding to the Hubbard model (2.3) with the
parametrization (2.5) is written as*®

s(p\:{I(Cf,\-—l+(P.\-+1)+Ilt(ﬁo.\-#(l/z)+‘/’,\-+(1/2)) i.f xX€e4, (2.14)
(AP=24p)to + M@ (12t P 1/2) if xed'

where ¢ is the energy eigenvalue. By using the translation invariance of
Eq.(2.14), we can write an eigenstate (¢.).., in the form of the Bloch
state as ¢, =e**v (k) with ke # and v (k) such that v, ,(k)=v(k) for
any xe€ A. The Schriodinger equation in k-space which determines ¢ and

v (k) is
( volk) )_( 2t cos k 24t cos(k/2) >< volk) ) (2.15)
“\oia(k)) " \22rcos(kf2) (A2—2+p) t)\v, (k) ‘
The eigenvalue problem (2.15) can be solved easily, and for each
ke, we find two energy eigenvalues

3,‘2(k)=%<,13—2+p+2cosk

2y 172
i{[lz—Z(l+cosk)+p]2+4<2lcos§>} > (2.16)

where 1, 2 are the band indexes with 1 (respectively 2) corresponding to the
— (respectively +) sign. The energy ¢;(k), as a function of £, is usually
called the dispersion relation of the jth band. When p =0, (2.16) becomes

 See Section 4.1 if it is not clear how the single-electron Schrédinger equation is derived.



554 Tasaki

g,(k)= —2t and &,(k) =A%t + 2t cos k. Note that the lower band is com-
pletely flat (dispersionless), and there is an energy gap A% between the two
bands as in Fig. 2a. When the perturbation to the flat-band model is suf-
ficiently small (ie., |p| t < A%), the lower band is nearly flat, and there
remains a gap close to A’ as in Fig. 2b. See Lemma 4.1.

We choose an eigenvector v'®'(k) = (v{”(k), v{}(k)) corresponding to
the eigenvalue ¢,(k) as

o v{)°’(k)> <%(F(k) + { F(k)>+4[2)7" cos(k/2)]1?} ‘”))
vOk) = < ‘l%(k) _ 247" cos(k/2) (2.17)

where F(k)=1—2(1+ cos k)/2> + p/2>. Note that we did not normalize the
vector v/ (k). The eigenvector v'"/?(k) which corresponds to the eigenvalue
&,(k) can be written in terms of v'”'(k) as

o2(k)\ [ —0'0(k)
(1/2) _ 1/2
' (k)"< 3}4”(/«)) < b0 (k) > (2.18)

2.4. Localized Bases for Single-Electron States

The band structure discussed above plays a fundamental role in the
corresponding many-body problem as well. But the k-space picture, which
was very useful in analyzing the band structure, turns out to be not quite
effective in treating strong short-range interactions. This dilemma (which
originates from the wave—particle dualism in quantum mechanics) suggests
the need for a new description of electronic states which takes into account
the band structure and at the same time treats electrons as “particles”
rather than “waves.”

2)  ¢(k) b))
4t \ /4t \
- T k -r _ —t T g

Fig. 2. The dispersion relations &,(k), &,{k) in the one-dimensional models. {a) The flat-band
model with 1=2, p=0. (b) The perturbed model with A =2, p =0.2, which has a nearly flat
lower band and an energy gap between the two bands.
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Let u(x)=0 for xeA, and pu(x)=1/2 for xeA’. For x,yed, we
define

P = (2m) ! [ dle > k) (2.19)

where Sdk( .) is a shorthand for the sum (2z/L)Y,_, (---). Suppose
that ye A, is fixed. Then one can regard® ¢’ =(p'"). ., as (the wave
function of) a single-electron state which is a superposition of the Bloch
states e"v'0) (k) with various k. This means that, for any y € 4,, the state

@'* belongs to the Hilbert space of the lower band. By examining the
deﬁnition (2.19), it follows that the collection {¢*’} ., forms a (non-
orthonormal) basis of the Hilbert space corresponding to the lower band.
Similarly the collection {¢'*'} ,. , forms a basis of the Hilbert space of the
upper band.

Moreover, the states ¢'*)=(¢'").., have rather nice localization
properties. When p =0, an explicit calculation shows that, for yeA,,
p'"=1, and 9= —1/A if [x—y|=1/2 and ¢!”’ =0 otherwise. (See Sec-
tion 4.2, where ¢'”’ with p=0 is denoted as y'".) These are the strictly
localized basis states constructed and used in refs. 47 and 34.

For p #0, the basis states @' are no longer strictly localized. Expand-
ing the term [ F(k)?+4{21~" cos(k/2)}?]'” in (2.17) into a power series in
272 and (p/A?), we can still prove that the state ¢!’ =(¢!?),. , is almost
localized at the site y. More precisely, we have

l if x=y
+1/A it x—yl=172
(\)
2= og1p142) it x—y=1 %

smaller, decays exponentially for |x—y|>1

when 1> 1 and |p|/A®> < 1. (We take the + sign if ye€ A’ and the — sign if
yed,). This sharp localization property of the states ¢'* plays a
fundamental role throughout our proof.

Since the states @'* with different reference sites y are not necessarily
orthogonal to each other, it is useful to introduce the dual of the basis
{¢'"}. We shall construct the dual basis states ¢'*=(@%"),., so that
Yrea@N* 9?7 =46, , holds. [It also holds that 3° . 4(@)* @'V =6, ..]
Then {$} ., and { 57} . 4 automatically form bases of the Hilbert
spaces for the upper and lower bands, respectively. See Sections 10.1 and

2! In a symbol like @'*), the upper index y is the “name” given to the state, while the lower
index x is the argument in the standard wave function representation. When we refer to the
state itself, we write ¢'*). Such a notation is used throughout the present paper.
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10.2 for concrete procedures for constructing @'’ from the vectors v'%(k)
and v\ (k).

For A» 1 and |p|/A® €1, the dual basis state ¢'* is localized at the site
y as

1 if x=y
, +1/4 if |x—yl=1/2
500 o 221
= e it x—y=1 2

smaller, decays exponentially for |x—y|>1

where the + sign i1s chosen as in (2.20). It should be noted that the states
~r)

@'*" are only moderately localized as compared with the sharp localization

of '*’. Even for p=0, ¢! has nonvanishing exponentially decaying tail.

Remark. It is interesting to compare the states ¢'*’ and @'’ with
Wannier functions.®® Wannier functions are the standard machinery in
condensed matter physics for providing the particlelike picture of electronic
states by also taking into account band structures.

The Wannier functions ©'” = (©'"),. , are constructed as in (2.19),
but with the vectors v"*(k) (with u=0, 1/2) replaced by their normalized
versions v“)(k)/|v*)(k)|. As a consequence {'"} ., and {@'"} ., form
orthonormal bases of the Hilbert spaces for the upper and lower bands,
respectively. As for the localization property, we have

1 if x=y
, +1/A if |Jx—y|=1/2
(¥) A
COEY —yea it x—y=1 (222

smaller, decays exponentially for |[x—y|>1

which is, roughly speaking, intermediate between those of ¢'*) and @'*".

Although the orthonormality of the Wannier basis is a clear advantage
of this machinery, the poor localization property (2.22) is not optimal for
our analysis of the Hubbard model. The sharp localization (2.20) is so
important for us that we can give up the orthonormality of bases.

It is interesting that, in the context of a band calculation, Anderson'®
suggested using nonorthonormal basis states which are more sharply
localized than the Wannier states. One can regard our ¢'»' as a concrete
(and typical) example of Anderson’s ultralocalized functions, used in
mathematical proofs of ferromagnetism rather than in band calculations.

In ref 49, where the main results of the present paper were first
announced, we claimed that the proof of local stability of ferromagnetism
is impossible if we use the Wannier states instead of the sharply localized
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states @'”). We now feel, however, that a similar proof based on the Wannier
functions may be constructed if one is careful enough in estimating various
matrix elements.

2.5. Representation of the Hamiltonian in Terms of the
Localized Basis

In order to analyze many-body problems by using the particlelike
picture developed above, we introduce the fermion operators

= (p*cl,, =Y ¢\, (2.23)

ved red

for xe A and o= 1, |. It turns out that these operators obey the standard
anticommutation relations such as {a'_,b,.} =6, ,6,.. This means
that the “right” annihilation operator to be used w1th a s 18 b ., 1
ay,=(al )"

As we show in Section 5.2, we can rewrite the Hamiltonian (2.3) in
terms of these new operator as

H= Z \ \ \ rrb\’ + Z \ r}bl a
X, ved, xored
=1l a=1.1
+ Y U,..alal b, b, (2.24)
yooowzed

Note that there is no hopping between A, and A’ in the hopping parts of
H. This is because the operators af, and b, , “know” about the band
structure. As for the properties of the effective hoppmg T, y» we only need
to note that . .., =0(|p| t) for xe 4,, and 1, .~ 1% for xe A’

Note that the interaction term in (2.24) is no longer on-site. This fact
is essential for the appearance of ferromagnetism in these models. The effec-

tive (four Fermi) coupling U,.,.,.. in (2.24) is given by

"L .. -—U Z (p(\) (l) (u) f\::))* (225)

xed

This expression means that the coupling function U, ,.,, . is determined by
the overlap between the four states ¢'*’, @), ', and @', where the for-
mer two states are created and the latter two states are annihilated. Since
each state @' or ¢'¥ is localized at the reference site y, we find that
U_‘,',,;,\.‘_. is also short ranged. We can say that our representation success-
fully took into account the particlelike nature of electrons. We also note
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that the coupling function satisfies the translation invariance U,,.,..=
U.\'+p.v+p;w+p.:+p for any pEZ-

Let us assume 2> 1 and |p|/A*> < 1. Then we can substitute the proper-
ties (2.20) and (2.21) of the basis states into (2.25) and evaluate U
explicitly as

wowz

U000~ U3 (90" ~ U (2.26)
i7 (0) =(1)( ,(0) (1))% v 22
Uo. 1,01 = U‘P|/7¢1/7(¢1/7§01 2) ~:12i (2.27)
77 (0) (1) <0) (0) * v

Uo.1:00= Udy '@ (@ ) e (2.28)

00001 U{aQ (0 96 * + @‘1(;7)(?(1(/)%(?(1(/)7)(/’(1]/;) }

Ulpl> U
~ — 2.29
0( }.2 +/{4 ( )
and

-~ U

U0.1;1/2.1/7 = Ul/" 1/2;0,1 — ﬁ (2~3O)

These are the components of U which play important roles when we
investigate low-lying excited states of our Hubbard model. Note that
U001 and Uo. .00 are drastically different. This asymmetry, which
originates from the difference in the localization properties (2.20), (2.21) of
the states ¢!’ and @(y), is important for our proof.

2.6. Perturbative Analysis and Effective Spin Hamiltonian

At this stage we shall develop a heuristic theory which reveals why our
Hubbard model exhibits a stable ferromagnetism. This subsection is dif-
ferent from all the others in that it is devoted to arguments which are not
yet made rigorous. This, however, allows us to go beyond our technical
limitation, and discuss the stability of ferromagnetism beyond a single-spin
flip.

Here we focus on the region of parameters characterized by |p| <
U< A’t. Recall that |p| ¢, U, and At roughly represent the bandwidth of the
lower band, local Coulomb interaction, and the band gap, respectively. By
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examining the representation (2.24) of the Hamiltonian, we extract the
most dominant part as the “unperturbed” Hamiltonian

\ab\a'+ Z U\\\\n\ Tn\l (231)

A xed
1.l

II“M

Here we introduced the pseudo number operator i, ,=a' b, ,. Although

. 1s not Hermitian, it works in exactly the same way as the standard
number operator as long as one uses a' _ and b, , as creation and annihi-
lation operators, respectively. By recallmg T A% for xedA' and
U, «x.x = U, we find that the conditions for minimizing H,, are (i) there are
only electrons from the lower band, i.e., those created by a , with xe 4,
and (ii) there are no doubly occupied sites in the language of 7i, . Since
the number of electrons L is the same as the number of the sites in 4,, such
states can be written as linear combinations of the states

=< n a.f\'.o'(_\')> ¢vac (232)

xed,

Here the multi-index o =(a(x)),.,, with a(x)= 1, | represents spin con-
figurations. Clearly we have Hy®,=0 for any o. The unperturbed
Hamiltonian H,, has 2*-fold degenerate ground states.

Let us examine how the degeneracy is lifted when we consider the
remainder of the Hamiltonian, which is

Hpcrl = z T.\‘, yaI-,a-by,a + Z Uy,v;u',:a;,‘[az,lbw.lb:.T (233)

N, ved, v.owzed

=11 (except\—(—u—
We wish to develop a standard first-order perturbation theory, but using the
nonorthonormal basis consisting of the states ([T, al. T)(HA B a\ ") <1§m,
where A, B are arbitrary subsets of 4. Let P, be the projection operator®
{defined with respect to the present basis) onto the 2--dimensional ground-
state space spanned by @_. The basic object in the first-order degenerate
perturbation is then the effective Hamiltonian H.y=PyH . P,. Note that
Hy is not a self-adjoint operator. This is inevitable since we are developing
a perturbation theory based on a nonorthonormal basis. Since the standard
perturbation theory can be applied to non-Hermitian matrices as well, the
situation is by no means pathological. There is a similar perturbation theory
that uses an orthonormal basis constructed from the Wannier states.*?

** The procedure for defining P, is as foliows. Given a many-electron state &, one (uniquely)
expands it in terms of the basis states. Then one throws away all the basis states which are
not of the form @,, (2.32). The resulting state is P,®. Note that P, is not an orthogonal
projection.
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Obviously a term contributing to H,; should not affect the locations
of the electrons. As a consequence, contributions come from the so-called
“exchange” terms (and the diagonal elements of 7 ) as

Hyp= {Eo'*‘ > U.v._v;.\~._\v(ﬂfv,r";.lby.ib.\-.r+“;.r“1.1b.".ib-\'-T)} P, (234)
W

where Ey=3 .., 7,. turns out to be the energy of the “ferromagnetic

ground states.” (Figure4 in Section 2.7 illustrates how the “exchange”

terms act on a state.)

It turns out that the “exchange” term is the ultimate origin of ferro-
magnetism in our Hubbard model. In the present model, the “exchange”
takes place between the spins of two electrons in neighboring A, sites
(metallic atoms). By recalling that there is a A’ site (oXxygen atom) in
between them, one might prefer to call the present process “super-
exchange.”'"’ While this terminology is also possible, we stress that we never
get ferromagnetism if the direct hopping between A, sites [ represented by ¢
in the Hamiltonian (2.3)] is absent, as we discussed in Section 2.2. We think
there is a much more delicate mechanism going on here than what one
would naively expect from a “superexchange” process.

Let us define the pseudo spin operatorsby §'” =%, . _; a% pL b, /2
for j=1, 2, and 3, where p!”. are the Pauli matrices (3.26). Again these
operators are not Hermitian, but work in exactly the same way as the
standard spin operators. Then the effective Hamiltonian is rewritten as

- D 3
Ha=| B T Ounn{( 2 5080)-3| 7

X, YE A, Jj=1
(x#y)

3
:[Eo—%g > {(}: §f\!’§f\!’+,)—%ﬂ P, (2.35)
xed, Jj=1

where we used the estimate (2.27) for U to get the final line. The right-hand
side of (2.35) is nothing but the Hamiltonian of the nearest neighbor
Heisenberg chain with the ferromagnetic interaction J,; ~2U/A%. We have
successfully derived a ferromagnetic spin system starting from the Hubbard
model for itinerant electrons.

If we believe in this first-order perturbation theory, then we can con-
clude from the “spin Hamiltonian” (2.35) that the ground states of the
present Hubbard model are the ferromagnetic states given by

<DT=< IT aI.‘T> D (2.36)

xe Ao
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and its SU(2) rotations. Moreover, low-energy excitations of the Hubbard
model should coincide with those of the ferromagnetic Heisenberg model
(2.35). The elementary spin-wave excitation should then have the disper-
sion relation

K\ AU/ k\?

Note that this heuristic estimate exactly coincides with our rigorous result
(2.13)!

It should be stressed, however, that the above naive perturbation
theory remains to be justified in many aspects. We have been neglecting
many contributions without giving any estimates. The most important con-
tribution that has been neglected comes from the second-order perturba-
tion from the hopping terms or the effective hopping terms (as illustrated
in Fig.5 in Section 2.7). Since such a perturbation lowers the energy of
electron pairs in a spin singlet, it weakens the tendency toward
ferromagnetism. Fortunately, a rough estimate shows that this effect is
small provided that |p| t < U< At

We do not argue here that the validity of the present perturbation
theory can be established. By comparing it with our rigorous results about
the local stability of ferromagnetism and the spin-wave excitation, however,
it seems rather likely that this treatment gives sensible conclusions about
low-energy properties of our Hubbard model. In ref. 52 we further discuss
the derivation of low-energy effective spin Hamiltonians in the Hubbard
models.

2.7. Sketch of the Proof

We will now illustrate how the theorems discussed in Section 2.1 are
proved. The heart of the proof is to construct rather accurate trial states
for the spin-wave excitations and carefully examine the action of the
Hamiltonian on them.

To begin with, we note that one of the “ferromagnetic ground states”
(defined in Section 2.1 as the lowest energy states within the sector with
Siot = Smax) an be written as in (2.36). Note that (2.36) is nothing but the
state obtained by “completely filling” the (single-electron) states in the
lower band with up-spin electrons. The energy of @, is given by E,=

z.\‘ €Ay t.\‘. X
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As a candidate for the spin-wave excitation, we shall consider the state
in which a single down-spin propagates in &, with a momentum k as

Qk)y=ak)™" Y e* T, (2.38)

NEd,

where we introduced
I“v\.=a."\_‘lb,\..,q§T (2.39)

The normalization «(k) will be determined later.

Since the annihilation operator b, ; properly cancels out with the crea-
tion operator a_f..r, the state I', is such that (one of) a_‘:._T in (2.36) is
replaced with a' .- Recall that, as can be seen from the definition (2.23),
the operator a! , creates an electron in the sharply localized state ¢*. As
the localization property (2.20) of ¢'*’ shows, two neighboring states ¢
and ¢**! have very small overlap (of order 1/A%). This means that the
down-spin electron inserted in (2.38) costs very small energy due to the
Coulomb repulsion U} . ,n, 11, . At the same time it costs small kinetic
energy since it only contains (single-electron) states from the lower band.
These observations suggest that the Q(k) of (2.38) are good trial states for
low-lying excitations in which both the kinetic energy and the Coulomb
interaction are properly taken into account. See Fig. 3.

To prove the upper bound for the spin-wave dispersion relation in
(2.10), we employ the standard variational inequality [see (9.1)] and
calculate the expectation value of H in the state Q(k). We then find that the
main contribution comes from the “exchange” Hamiltonian (2.35), which
leads us to the desired upper bound. See Section 9 for details.

To further investigate the accuracy of the trial state and to get the
lower band in (2.10), we apply the Hamiltonian to Q(k). Although an

(NP2 NNPZANNGA NS

X

Fig. 3. A schematic picture of the state I',, (2.39), which appears in the definition of Q(k),
(2.38). Since I, is constructed by using sharply localized basis states for the lower band, it
costs small Coulomb repulsion energy and small kinetic energy. In the state Q(k), the down
spin propagates with momentum k and further reduces the total energy to ~E,+ (4U/A%)
{sin(k/2)} 2.
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enormous number of terms can appear, the major contributions®™ come
from three basic short-range processes that we now describe. The three
processes are represented by the following three operators (2.40)~(2.42),
which are extracted from the Hamiltonian in the form (2.24). The first pro-
cess is the nearest neighbor “exchange” discussed in Section 2.6, which is
represented by

— 77 + i
Hl - z U.\'..\'+ v x4+ ‘((I.Y.U(l.\'+ 1. —ab,\'+ i, —ab.\'.d

xNXeE A,y

a=1.
+(lI-+I.zr(l:r\'.—o-b.\'+l.~a’b.\‘.n) (240)

The second process is the nearest neighbor hopping®* represented by

= ¥, T T t
HZ - Z { U.\' +r.Xx+ N+ oy + r.n'a.\‘ +r. —n'b.\' +r. —nb.\',a + Tet l‘..\'a_\'-i- r,ab.\'.a}

o= T1 (2.41)

The third process is represented by

[N
S
3%

= {7 T t
Hy= z U.\‘+(1/l)..\'+(l/2i:.\'..\‘+la.\'+(l/2).aax+(1/2).—n-b.\'.—o’b.\‘+l.a' (2.
xE Ay

a=1.]

which lets two electrons in neighboring A, sites x,x+1 hop simul-
taneously to the site between them. Note that a!._,,, , creates an electron
in the upper band.

Let us investigate the action of these partial Hamiltonians (2.40)-(2.42)
on the state (k). It is useful to first consider the action on the state I,
defined in (2.39) which contains a down-spin electron at site y. By operating
the “exchange” Hamiltonian (2.40) on I',, we find

a~ -~

le‘yz U_v—l.,\':,\'——l,,\'([‘_v_l-'_\'—])+ [J_v._\'-*-lzvr._v+l(r_"—F\*+l)

=00.1;0.1(2p;-“f\-—1_r_|-+1) (243)

where the minus signs come from fermion ordering for the “exchanged”
configurations. Figure 4 illustrates how these four terms arise. We also used

* In the later sections, we of course control all the possible contributions.

* The first operator annihilates an electron at x + r with spin —g, and then creates the same
thing. Therefore its action is the same as the second operator a'., b, , provided that there
is a spin ( —o) electron at x +r.
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(S T S AR S B B

}
y,y+1,y y+11 T Uy,y+1 vy, y+1 x
l }

A
)

Fig. 4. When the “exchange” Hamiltonian H, acts on the state I',, four terms are generated.
Two of them are the same as I',, while the electronic spins are exchanged in the other two
states. The process illustrated here can be regarded as the ultimate origin of ferromagnetism
in the present model.

the translation invariance of U, which is indeed essential for the present
proof. Recalling (2.38), we get the expected result

H,Q(k):{E0+4(~JO_|;O_l <sin g)}g(k) (2.44)

To see the role of H,, (2.41), let us operate with it on I, to get

Hzry= Z {(0r+r.,r+r:_r+r.y+T_r+l l)r(ll-){»r_(U_I‘.)‘:_\‘,.\'—I‘-i_T]K_\r‘—l') ]""'(‘r)}
r= =1
=(U, o+ 1. XYY, =T (2.45)

where 7" =a] | b,_, P, is the state with an empty site y —r and a doubly
occupied site y. We also used the translation invariance of U and . In
Fig. 5, we illustrate the action of a part of H, on I',.. Again from (2.38), w
find that '

o= ¥ =Ll .
2 _,~=Z¢1 k) (U, y.r0+ Tro) (k)
—-ikr__l N
=,,=Zi| "_W(U...;..w T1.0) Z,(k) (2.46)
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(A S AR BN SR A

ﬁy,y;y,y—l Uy+l,y+1;y+1,y
(T S B (T
Yy y
Fig. 5. When the (effective hopping) operator ¥ .c o1 Tvvrvatiesrn@ivindlor o

b, 11 —obya acts on I, two states with a bound pair of a hole and a doubly occupied site
are generated. Note that the two resulting states are related through the translation by a dis-
tance 1. This process is the major source of instability against antiferromagnetism.

where we used the reflection symmetry®® to get the final line. Here

E(k)=Y e*T0= Y e*a' b, ,, o, (247)

xed, xed,

is the state in which a bound pair of an empty site x—r and a doubly
occupied site x is propagating with momentum k. We shall abbreviate
=, k) as Z (k).

Similarly we obtain

e*—1 .
H_qg(k)= a(k) Ul/z.l/Z;O,]@(k) (2.48)
where
Olk)= Z eik'\.a.t'-i-(l/2).1a:r\'+ll/2),1b.\'.1b.\‘+1.1¢1‘ (2.49)
xed,

is the state in which two adjacent empty sites in A4, and a doubly occupied
site between them form a bound state and propagating with momentum k.
See Fig. 6 for schematic pictures of the states”® Q(k), =, (k), and @(k). We
also note here that these states all belong to the Hilbert space s, which
we introduced just above Theorem 2.4.

The relations (2.46) and (2.48) clearly show that our trial state Q(k)
cannot be the exact eigenstate of the Hamiltonian. To investigate the low-
lying spectrum of H, we have to consider (at least) the subspace spanned

** Such a symmetry exists in the present model. In the general class of models studied later,
we do not assume reflection or rotation symmetries.

2 In the general notation used in the later sections, the states Z(k) and @(k) are denoted as
Py (k) and D5 5.0.1(k), respectively. See Section 6.2.

822/84/34-16
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by the states Q(k), Z,(k), and ©(k). As before, we calculate the action of
H on the latter states to find

HEZ (k) ~(Ey+ Uo.o;o.o) Z.(k) +°l(k)(Uo,1;|.1 + 10 )(eT*—1) Q(k)
+ (other states) (2.50)

and

HO(k) ~ (Eq— 27004 2T1p.15+ U1 12:12.12) Ok)
+a(k)(e=* —1) Uy .10.1,22(k) + (other states) (2.51)

Although it might not be clear at this stage, it turns out that the “other
states” in (2.50) and (2.51) do not play essential roles. We leave such
estimates (as well as the precise definition of the “other states™) to the latter
sections, and simply neglect them here.

Equations (2.44), (2.46), (2.48), (2.50), and (2.51) provide, for each
ke ", the representation of the Hamiltonian in the four-dimensional sub-
space of J, spanned by the states 2(k), =, (k), and ©(k). We now read off
the matrix elements®” from these equations and then use the estimates
(2.26)~(2.30) of U to evaluate them as

LK), QUk)] = Eo+ 4T, 1.0, (sin g)

zEO+4%<sin %{)2 (2.52)

hE k), ZE (k)] ~Ey+ Ugp00~Ey+ U (2.53)
h[O(k), O(k)] =~ Eq— 2100+ 2T 1010+ Uy o 1212102

~E 2%+ U (2.54)

h[Ei(k)’ Q(k)] = a(k)_l (01.1;1.0+Tl’0)(€iik— 1)

U, .
~a(k)"! (Clzp+%+c’pt>(ei’k—l) (2.55)

h[Q(k), E (k)] = a(k)( Uy .11+ 10 )eF*—1)

~ (k) (— %+c’pt> (eF*—1) (2.56)

" As usual, matrix elements h[ ¥, ] are defined by the unique expansion H@ =
Ywuh[ ¥, ] V. See also (6.2).
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hLO(K), Q(k)] = a(k) ™" T\ 151501 (e% — 1)
~ (k)" %(e”‘ -1 (2.57)
and
h[O(k), Q(k)] = a(k) Ty 1.1pp.1p(e =% —1)

:a(k)%(e—”‘—l) (2.58)

where the approximate values are obtained for 4> 1 and |p|/A*> <1, and
¢, ¢’ are constants. Reflecting the use of the nonorthonormal basis, these
matrix elements are not symmetric. In particular, the drastic difference
between the elements h[Z, (k), 2(k)] of (2.55) and h[Q(k), 5. (k)] of
(2.56) plays a fundamental role in our proof. Figure 6 shows these matrix

elements.
QEO+U E0+2/\2t+UQ

Fig. 6. Schematic pictures of the states Q(k), =, (k), and @(k) and the matrix elements
between them. As for the off-diagonal matrix elements, we only present the main part of their
absolute values. Note that the matrix elements between Q(k) and = (k) are highly asym-
metric [apart from the artificial asymmetry factor a(k)]. The small outgoing matrix elements
from Q(k) indicate that the state £2(k) is a good trial state for the spin-wave excitation.
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In order to bound the excitation energy from below, we use the follow-
ing well-known fact about the minimum eigenvalue of a matrix. Let
(hi;)ij=1..~ be an Nx N matrix with real eigenvalues. Then the lowest
eigenvalue A, of the matrix satisfies 7, >min;_, _n D, with D,=Re[h, ;] —
2 ;=i | ;1. This is almost trivial, but see Lemma 6.1 for a proof. We stress
that this simple-minded inequality is expected to yield physically meaning-
ful results only when one uses a basis which “almost diagonalizes” the low-
energy part of the Hamiltonian.

We now apply this inequality to the 4 x 4 matrix representation of H
in each sector with a fixed ke #". The quantities corresponding to D, are
evaluated for each state as

X

D[Q(k)] =h[Q(k), Q(k)] =} |R[Q(k), & .(k)]| - |h[Q(k), ©(K)]]
+

AU [ . k\? U .k
>E0+7<sm2> 4oc(k)< +¢'|pl t) smi
Uul.
—Zoc(k)F smi (2.59)
DLE . (k)]1=h[Z,(k), 5 (k)] —|n[ = . (k), Q(k)]]
k
= Ey+ U—2a(k)™! <CUI'D| + 4+c’ [pl t> sin — (2.60)
A? A 2
and
D[O(k)]1=h[O(k), O(k)] — |h[ O(k), 2(k)]|
2 -1 .k
2 Ey+2A°t+ U—2a(k) yE smi (2.61)
where we used the estimates (2.52)-(2.58) to get the lower bounds.
At this stage, we choose®® the constant a(k) as
clpl 1 ¢ Iplt) .k
k)= — = .
a(k) 4( JE +A“+ U sm2 (2.62)

¥ The choice of «(k) here is different from that in the full proof in Section 6. [See (6.31).]
This is because the actual estimate of D[ =, (k)] in the later sections takes into account
various small terms which are simply neglected here.
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This choice makes the bound (2.60) into
— U
D[E.(k)] >Eo+5 (2.63)

and the bound (2.61) into

1 ¢ -
D[OW)] > Eq+ 222t + U= o (C el , 1 < lpl z>

222\ 2 A U
AZ

, U
> Eg+ 222+ U=

>E,+U (2.64)

where we have further assumed® U <4t Finally we substitute (2.62) into
the bound (2.59) to get

DIQ(Kk)] = Eq + 1—? (sin g)

clpl 1 ¢ |pl t><6U , >< . k>2
4<,12 +/14+ U Az+4c plt sin 5
4U 1 |p| 21
=E0+?{1—<C |p|+F+%>

U
4 ’ 2 2
X <6+——C IZ' 4 t>}<sin g)

4U A, A% . k\?
>Eo+7{l—A1|pl—7'—3Tw}<sm§> (2.65)

with constants®® 4,, 4,, and 4. Since the lower bounds (2.60) and (2.61)
for D[Z (k)] and D[ @(k)] are strictly larger than that for D[Q(k}], we
find that the right-hand side of (2.65) gives the desired lower bound for the
lowest eigenvalue of the Hamiltonian in the space . Therefore the lower
bound for the spin-wave excitation in (2.10) (which is the main statement
of Theorem 2.4) has been derived.

** The upper bound required for U depends sensitively on the choice of (k). The requirement
U< K, At made in Theorem 2.4 (and which appears in the full proof) is somewhat different
from the present one.

* Here the term A4,/ in the right-hand side of (2.65) can be replaced with A4,/4% if we simply
equate the above expression. Since the actual matrix elements have many “small” terms that
are neglected here, what we can prove (in the later sections with perfect rigor) is the bound
in terms of the quantity in the right-hand side of (2.65).
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In the remainder, we sketch how we get Theorem 2.3 about the local
stability of ferromagnetism from the above lower bounds. The lower
bounds in (2.10) gives strict bounds Egw{k) > E, for all ke #" except for
k =0. This means that the desired local stability inequality (2.9) has been
proved except in the translation-invariant sector with &k =0. To deal with
the & =0 sector is easy once we realize that ©2(0) is nothing but an SU(2)
rotation of the “ferromagnetic ground state” @,. By simply repeating the
above arguments for the thiree-dimensional subspace spanned by =, (0)
and ©(0), we easily find that the desired bound (2.9) also holds in the
sector with £ =0. It only remains to extend the parameter region in which
the statement is valid. This is easily done by a general consideration about
the monotonicity of energies as a function of U. See Section 6.4.

3. DEFINITIONS AND MAIN RESULTS

In the present section, we define the general class of models treated in
the present paper and precisely state our main theorems.

3.1. Lattice

We describe the lattice on which our Hubbard model is defined. The
lattice is characterized by the dimension of the lattice d=1, 2, 3,..., the
dimension of “cells” v=1, 2...., d, and the linear size L, which is taken to
be an odd integer. Throughout the present paper we assume that the three
parameters d, v, and L are fixed to allowed values. All the bounds proved
in the present paper are independent of the system size L.

Let A, be the d-dimensional L x -.- x L hypercubic lattice with
periodic boundary conditions,

Ay={x=(x, 0 x)|x,€Z |x,|<(L=1)2fori=1,..d}  (3.1)

We “decorate” the lattice 4, by adding sites taken at the center of each
v-dimensional cell. Let %’ be the set of vectors defined as

d
t’?/’:{u=(u,,..., ug)|u;=00r1/2,and2 u,=v} (3.2)

i=1
Note that each ue %’ has the length |u| =\/;/2. For each ue %', we let

A,={x+u|xed,} (3.3)
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By introducing the unit cell # of the lattice by
U={o}vU (3.4)

where o0 =(0,..,, 0), our decorated hypercubic lattice is defined as

A= 4, (35)

ue¥

We often decompose A as A=A,u A’, where

A= 4, (3.6)

ue¥’

As is discussed in Section 2.1, we can imagine that sites in /A, represent
metallic atoms and sites in A’ represent oxygen atoms. The numbers of
sites (vectors) in the unit cell®

b=|ﬂz/|=<;'>+1 (3.7)

is important, since it gives the number of the bands in the corresponding
single-electron problem.

For d=1, the only possible choice of v is v=1, and we get the chain
with two kinds of atoms discussed in Section 2 (see Fig. 1). For d=2, we
can either set v=1 to get the lattice in Fig. 7a with the band number b =3,
or set v=2 to get the lattice in Fig. 7b with b =2. For d = 3, there are three
choices for v. The lattices with v=2 and v=3 have the structures similar
to the fcc and the bee lattices, respectively.

We introduce some sets of lattice vectors which will become useful. We
define

d
Fi={ 1= (fiv S f=00r £1/2,an02 ¥ fil=v 68

i=1

which is the collection of the sites in A’ adjacent to the origin 0. We have
|F| =2"(4). For fe &,, we define

F={geFllgl=\ffori=1,.,d} (3.9)

Note that for a fixed fe Z,, {f+ gl ge Z} is the set of sites in 4, which
are adjacent to . We have |#| =2". We also note that for g e %, we have

=% (3.10)

' Throughout the present paper, |S| denotes the number of elements in a set S.
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3.2. Hubbard Model

We define the Hubbard model on the decorated hypercubic lattice A.
As usual, we denote by ¢! and c,, the creation and the annihilation
operators, respectively, of an electron at site xe€ A with spin ¢ = 1, |. These
operators satisfy the standard anticommutation relations

(Crmcndd ={el el =0 (3.11)

and

{c.\',ﬂ’ C}",T} 26.\'.)'617.'? (312)

for any x,yeA and o,7=1,], where {4, B} = AB+ BA. The number
operator for an electron at site x with spin o is defined as

=ct e, (3.13)

N.O X,

n
We consider the standard Hubbard Hamiltonian
H=Hhop+Hi|u (314)

The interaction Hamiltonian is
Hy=UY) n.n,, (3.15)
xed

where U>0 is the on-site Coulomb repulsion energy. The hopping
Hamiltonian is further decomposed as

Hhop H:&)p+thop (316)

()
where H

=t T3 (il T o)t T en) 607

a=1.]1 xed’ ved, ved,

Ix— vl = /%2 Ix—xl=/v/2

is the hopping Hamiltonian of the flat-band model defined as

where >0 and 1> 0 are parameters. It is, of course, possible to represent
the Hamiltonian in the “standard” form as

H:’%)P— Z Z 11\0)‘ \ﬂ (318)

a=1.] x.yed
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where the hopping matrix elements are given by

(2t if x=yed’
At if xed,, yeA with [x—y| =\/;/2
d— .
(O o) _ < zw—m( “) (0 xyed,withx—yl=Ja (3.19)
T v—u
where =0, 1,.., v

\ 0 otherwise

The representation (3.17) shows that the hopping Hamiltonian H {ﬁ,’p 18

characterized by mean-field-like hoppings within each v-dimensional cell
which consists of x € A" and the sites y € A, adjacent to it. This rather artifi-
cial choice of the hopping produces the single-electron spectrum with a
completely flat band. See Section 4.1.

The perturbation Hamiltonian, on the other hand, is rather arbitrary.
The magnitude of the perturbation is controlled by the real parameter p.
The Hamiltonian Hj,,, has the standard form

hop Z Z XLy \a' \U (320)

a=1T.1 x.ved

The hopping matrix elements ¢ =7, .€R are arbitrary except for the
following conditions. We require the translation invariance

Loy =Ivizyu: (3.21)

for any ze Z¢ and any x, ye 4, and the summability

Yot <t (3.22)

yed

Y Ix—yl 1t ] <tR (323)

rved

for any xeA. Here 1 is the same as before, and R is a constant which
measures the range of the hopping {\ ,}. When R chosen to optimize
(3.23) is less than \/;/2, we redefine it>* as R=ﬁ/2.

The Hilbert space of the model is spanned by the basis states

¢A.B=< I1 C_I,TXH CI,1> Dac (3.24)

ved ceB

32 This is done for a purely technical reason to make some formulas simple. See (10.90).



Stability of Ferromagnetism in Hubbard Models 575

where A4, B are subsets of 4, and @, is the unique vacuum state charac-
terized by ¢, ,@,..=0 for any xe 4 and o= 1, |. In the present work, we
only consider the Hilbert space s# with the electron number fixed to
LY=]A,|, which is spanned by the basis states (3.24) with |4| + |B| = L.

3.3. Local Stability Theorem

The total spin operator of the Hubbard model is defined as usual by

Sa=32 X paicis (3.25)

xed o t=1,]

for x=1, 2, 3, where p'® are the Pauli matrices

0 1 0 —i 1 0
() _ 2) _ 3 _
p —(1 0>, p <1. 0>, p <0 _1> (3.26)

An explicit calculation shows that the spin operators (S,,)>=
Y123 (SN2 S and the Hamiltonian H commute with each other.
This means that we can find simultaneous eigenstates of these operators.
The eigenvalue of (S,,)> is denoted as S,,(S. + 1), where S, can take
values 1/2,3/2,..., Spnax With So. = L9/2.

We are now able to state the theorem due to Tasaki'*”’ and Mielke
and Tasaki."*¥

Theorem 3.1 (Flat-band ferromagnetism). Consider the Hubbard
model with the Hamiltonian (3.14). Assume >0, A>0, and p=0 to get
a model with a flat band. Then, for any U>0, the ground states of the
Hamiltonian H have S, =S,,, and are nondegenerate apart from the
trivial (25,4« + 1)-fold spin degeneracy.

This theorem is desirable in the sense that it completely determines the
ground states of the model. But the result is not robust, since it applies
only to the models with a completely flat band. Since refs. 47 and 34 only
discuss the models with v=1, we will prove the theorem in Section 5.4.

We now describe the new robust results for the models with a nearly
flat band. For S,,,=1/2, 3/2,..., Snax. We denote by E;.(S,,) the lowest
eigenvalue of the Hamiltonian (3.14) in the sector which consists of the
states @ such that (S,,)° @ =S,,(S\ + 1) ®. Then we have the following
simple lemma for the sector with S, = S ax-

Lemma 3.2 (“Ferromagnetic ground states”). Assume that ¢>0,
A= 4y, and |p| A=2<r,, where A, and r, are finite constants which depend
only on the dimensions & and v. (See Lemma 4.1 for explicit formulas of 4,
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and r,.) Then for arbitrary U, the states @ such that (S,,)>®=
Sax(Smax +1) @ and HP=E_;.(S,..«) P are nondegenerate apart from
the trivial (25, + 1)-fold spin degeneracy.

This lemma is almost trivial, but will be proved in Section 5.3. For
convenience, we call the state @ characterized by the above lemma the
“ferromagnetic ground states.” These states are the energy minimizers in
the sector with S, = S..x, and are not necessarily the true ground states.
We shall remind the reader of this abuse of terminology by always putting
the “ferromagnetic ground states” within quotation marks.

The first theorem establishes the instability of the “ferromagnetic
ground states” against a single-spin flip. Let ¢ denote the bandwidth of the
lowest band. (See Section 4.1.) For p #0 and a generic choice of {r ,}, the
bandwidth ¢ is strictly positive.

Theorem 3.3 (Instability of the “ferromagnetic ground states”).
Assume the conditions for Lemma 3.2. We also assume that £> 0 (which is
generically true if p #0) and

0<U<é (3.27)

Then the “ferromagnetic ground states” are unstable under a single-spin
flip in the sense that

Emin(Smax_ 1) <Emin(Smax) (328)

The theorem will be proved in Section 5.3.

Theorem 3.3 shows that one can lower the energy by flipping a single
spin in the “ferromagnetic ground states.” It only shows that the
“ferromagnetic ground states” are not the true ground states. To identify
the true ground states (for U #0) in this situation is a highly nontrivial and
interesting question.

To show the instability of a certain state (as in the above theorem) is
not a hard task since one can rely on the standard variational argument.
A really important {and difficult) part of the present work is to show the
following theorem, which states the stability.

Theorem 3.4 (Local stability of the “ferromagnetic ground states”).
Consider the Hubbard model with the Hamiltonian (3.14). Assume that the
parameters satisfy

Az, pl<pr, Alpl<p, (3.29)
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and
UzK, A%t |p| (3.30)

where A,, p,, p,, and K, are positive constants which depend only on the
basic parameters d, v, and R. Then the “ferromagnetic ground states” are
stable under a single-spin flip in the sense that

Emin(Smax_ 1) >Emin(Smax) (331)

We stress that the problem of stability against a single-spin flip is
already a highly nontrivial many-body problem. The restriction to the
sector with S\, = S,..« — 1 does not reduce the problem to that of a single-
particle (such as a magnon), since there are plenty of spaces for the
electrons to move around. Moreover there is no way of expressing the
eigenstates as Slater determinant states since there are both up-spin and
down-spin electrons interacting via locai Coulomb repulsion. See also the
discussion after Theorem 2.3.

3.4. Bounds for the Spin-Wave Excitation Energy

Finally we describe our results about the elementary spin-wave excita-
tion. The lower bound for the spin-wave energy in Theorem 3.6 is closely
related to the above local stability theorem.

For xeZ“ we let T, denote the translation operator acting on the
Hilbert space # as

T-\' |:< H CTT>< ]._[ c:.l) ¢vac:| :< 1—[ c}"+.\',1>< H c!+.\‘.l> ¢Va° (332)
ryeAd zeB ved zeB

where 4 and B are arbitrary (ordered) subsets of A4 as in (3.24). Let us
define the space of wavenumber vectors by

A ={k=(k ., ky)k,=2nn,/L withn,eZ
such that |n,| < (L —1)/2} (3.33)

For each ke ., we denote by s the Hilbert space of the states with the
crystal momentum k and with L¢—1 up-spin electrons and one down-spin
electron. More precisely, we set

H={PeH|T[P]=e""**®forany xe Z*
and S @ = (S, ~1) ) (3.34)

tot
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We can now define the energy Egw(k) of the elementary spin-wave
excitation with the wave number ke 4 as the lowest energy among the
states in ;. Then we have the following two theorems.

Theorem 3.5 (Upper bound for the spin-wave energy). Assume
that A=, and |p| < p,, Where 4, and p, are positive constants which
depend only on d, v, and R. Then we have

U
Eswlk) = Ein(Smax) < Fy = G(k) (3.35)
where
Gh=23% I <sin"'—“f2“;g)>" (3.36)
feF, ge Py

The prefactor F, can be written as

AgA’t|p)?

U (3.37)

A
F1=1+74+A5/1 Il +

with the constants 4, (i=4, 5, 6), which depend only on d, v, and R.

Like Theorem 3.3 about the instability of the “ferromagnetic ground
states,” the above theorem is proved by the standard variational argument.
See Section 9.

The major achievement in the present paper is the lower bound which
corresponds to the above (3.35).

Theorem 3.6 (Lower bound for the spin-wave energy). Assume
that > 15, |p| € po, and Kyt = U= 4347 |p|, where 14, p,, K, and 4,
are positive constants which depend only on d, v, and R. Then we have

U

ESW(k)_Emin(Snxax)ZFl?G(k) (338)

with G(k) defined in (3.36). The prefactor F, can be written as

A, A%t p|

Fy=1-4, IPI—T' U (3.39)

with the constants 4,, 4,, and A4, which depend only on 4, v, and R.
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Note that (3.37) and (3.39) imply that F, ~ F, ~ 1 when 1 is large and
Ip| is (very) small. In this case the dispersion relation Egw(k) of the
elementary spin-wave excitation is given by

U
ESW(k) - Emin(Smax) = ? G(k) (340)

This dispersion relation is exactly what one expects in the ferromagnetic
Heisenberg quantum spin system defined on the hypercubic lattice A4, with
the exchange interaction J,;=2U1"%

As stressed in Section 2.1, Theorem 3.6 requires an upper bound for
the Coulomb interaction U. By noting that Egy(k) is increasing in U,
however, it is easy to prove nontrivial lower bounds for Egyw(k) for larger
values of U.

Corollary 3.7. Assume that 1> 4;, |p| <po, 434 pl/K5<1, and
U= K, At. Then we have

Esw(k) = Epin(Smax) 2 F21G(k) (3.41)

with G(k) defined in (3.36). The prefactor F; can be written as

A, A |p|\ Kyt
F3=<1—A1|p|——'—3—|m>)—; (3.42)

Proof. The first three conditions assumed here guarantee that we can
use Theorem 3.6 when U= K,A¢t. We claim that, for each ke 4", Eqy(k) is
an increasing function of U. This is because both H and H,,, commute with
T, and S'3), and Egy(k) is defined to be the lowest energy in the sector
with the fixed momentum k and the fixed eigenvalue of S}). Then it is
trivial that Egw(k) for U= K,At satisfies the desired bound (3.41),
where the right-hand side of (3.41) is obtained by substituting U= K, At

into (3.38). 1l

4. SINGLE-ELECTRON PROBLEM

We shall investigate the properties of the single-electron system corre-
sponding to our Hubbard model. A careful study of single-electron proper-
ties is indispensable when we work with interacting many-electron systems.
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4.1. Band Structure of the Model

If there is only a single electron with, say, up spin in the whole system,
a general state can be written as

¢(¢)= Z ¢.\'CI~,T¢vac (41)

xeA

with ¢ e C. As in the standard quantum mechanics, we regard the collec-
tion ¢ =(@,)., as a vector in a |A|-dimensional complex linear space
Hiingle =C I which we call the single-electron Hilbert space.

Since it obv1ously holds that H;,, &(¢)=0, the Schrédinger equation
Hd(p)=ed(¢) reduces to

Y ey Pu=E, (4.2)
ved

where 7, =1" +pt ,, and we denote the (single-electron) energy eigen-
value as &.
By rewriting the expression (3.17) for Hy,, as

Hyo=t Y Y ¥ <lc.’:.‘d+ Y CI.+/.U></{C‘\._,,+ Y cv\.f,‘,,) (4.3)

o=1.] ued' xed, feFy CEN

we can write down (4.2) in a concrete form as

ep =1 ) <l¢.\- it X P f+g> +p Y L, (4.4)
fe#, geFy red
and
E(P.\'+u = '{Zr(p.\'+u+lt Z (p.\'+u +_f+/7 Z tf\'+u. _\'(Py (45)
feFy ved

where xe A, and ue%’. We recall that % is the unit cell of the lattice,
and™ #' = \{o}.

Since the hopping matrix elements £, , are invariant under the transla-
tion by any integer vector z € Z¢, we can use the Bloch theorem to write an
eigenstate of (4.2) as

. =e* v (k) (4.6)

3 For any sets 4 and B, A\B denotes the set {xe 4|x ¢ B}.
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with ke " [see (3.33)], and v (k) satisfying
vlk)=v,, (k) (4.7)

for any y e Z“. With the translation invariance (4.7) in mind, we can iden-
tify, for each fixed ke A", the function v (k) (of x) with a b-dimensional
vector™

(k) = (v,(k)) e €C° (4.8)

where b= |%| = () + 1 will turn out to be the number of the bands in the
Schrodinger equation (4.2).

By substituting the representation (4.6) into the Schrodinger equation
(4.4), (4.5), we find the equation (the Schrodinger equation in k-space)

ev(k) = (A2tM(k) + ptQ(k)) v(k) (4.9)

which determines, for each ke .#", the eigenvalue & of the original
Schrédinger equation (4.2). Here M(k)=(M, ,(k)),  cq and Q(k)=
Qi (k) cwr are b x b matrices.> They are defined by

A(k)/A? if u=u'=o0
C k) if ue' andu'=o0

M, (kKy=M, (k)= ) 4.10
u.u( ) u,u( ) O lf u, u'e”][' andu;éu' ( )
1 if u=ve¥
and
1 ey
Qu,u’(k)=? t;z,ye' oo (411)
vedy
Here we have introduced
Cilk)= Z e'k-g (4.12)
geFy
for fe #,, and
A(k)= Z Z e+ = Z (C(k))? (4.13)
feF, geFy weu'

*1In the present paper, boldface symbols are reserved to indicate elements of the
b-dimensional vector space introduced here.
* Sans serif symbols denote matrices in the b-dimensional vector space.

822/84/34-17
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Since the matrix (1% M(k) + ptQ(k)) is Hermitian, it generically has b
eigenvalues and eigenstates for each k € #". We denote these eigenvalues as
¢;(k), where the band index j=1, 2,..,, b is assigned so that ¢;(k) <e;, (k).
When viewed as a function of &, the eigenvalues ¢;(k) are usually called the
dispersion relations of the jth band.

When p =0, the eigenvalue problem (4.9) can be solved easily, and we
obtain the dispersion relations

0 for j=1
g(k)=< At for j=2,.,b—1 (4.14)
t+td(k)  for j=b

Note that the model has a rather singular band structure where most of the
bands have constant energies (ie., are flat), and all the bands with
j=2,.,b—1 are completely degenerate. Another important feature of
(4.14) is that the lowest band (j=1) is separated from the higher bands by
an energy gap A’t. See Fig. 2a for the dispersion relation in d=1. We have
also drawn the dispersion relation of the flat-band model with d=2 and
v=1 in Fig. 8.

Fig. 8. The dispersion relation for the three-band model with d=2, v=1. We have set >0,
A=2, and p=0 to get a flat-band model. There are two flat bands and one cosine band.
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For p #0, with a generic choice of H},, the dispersion relations ¢;(k)
become k dependent and the bands are no longer flat. See Fig. 2b for the
dispersion relation with slightly perturbed model in d=1, and Fig. 9 for
that in d=2. The degeneracy between the bands with j=2,.., b—1 is also
likely to be lifted (unless the perturbation has a certain symmetry). Actual
band structures depend delicately on the choice of the perturbation, and
are not easy to calculate. It generically holds, however, that the lowest
band is still separated from the rest of the bands by an energy gap,
provided that |p| is not too large. We present the following crude estimate,
which is sufficient for our purpose.

Lemma 4.1. Assume that 1> 1, =2"(b—1)"* and |p| A72<r, =
9 x 1073/b. Then we have

e(k)y< A?t/4 (4.15)

ST
..’Q Q:Q
> R
s

.....'-._'.'."".'."

Fig. 9. The dispersion relation for the three-band model with d=2, v=1. The perturbation
is given by fo. =t if xeFo ), lov=—1 if X€Fipo, Liy=t,,=t if xeZ and
y=x+(1,1), and r; , =0 otherwise. We have set >0, A1=2, and p =0.7. Note that the two
lower bands become dispersive, and a gap appears between the second and the third bands,
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and
e;(k) = 31%t/4 (4.16)

for j=2,3,..,b.

Proof. The statement is almost trivial, but we give a proof for
completeness. Since the eigenvalues of A’ M(k) are either =0 or > 1%, we

have
, lzt 2 Azt 2
(l tM(k)—7> ><7> 4.17)

Consider the similar quantity for the perturbed matrix, and note that

[{AZfM(k)+th(k)} —%]

-

- </12: M(k) —%) + p2%(Q(k))>

+ <12tM(k) —%) ptQ(k) + prQ(k) (,121 M(k) —%>

2

A’r\? 2,2 2 2 A%t
><7> o 1QUIP =2 Il £ QG (x-r MG +7> (4.18)

By substituting the assumed bound for |p| and the bounds
lakl<b,  IMKI<T+AK A<+ (b-1)4"472<2

we observe that the right-hand side of (4.18) is not less than (1%#/4)>. This
means that the Schrédinger equation (4.9) cannot have eigenvalues in the
range 1°1/4 <& <(3/4) A*t. Since the eigenvalue ¢,(k) with j and k fixed is
continuous in p, the statement of the lemma follows. |

From now on, we assume that the condition for Lemma 4.1 is satisfied.
The existence of a gap allows us to treat the lowest band in a special man-
ner. Let us decompose the single-electron Hilbert space as

'}f;ingle = ‘y{(siln)gle @ ‘#,single (419)

where A} is the Hilbert space corresponding to the lowest band (with

the band index j=1). It is spanned by the eigenstates of (4.2) with the
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eigenvalue ¢,(k) for k € . The space # g, is the orthogonal complement

of # )y The dimensions of the spaces #°i),. and # ',y are L?=|4,|
and (b—1) LY=|A’|, respectively.
Let P{),. be the orthogonal projection onto the space )., and

denote by T the hopping operator on ., whose matrix representation
is given by (7, ). ye 4. We define the modified hopping operator T by
=TP})

sin g]e

+3A2(1 = PQ0) (4.20)

and denote by (. ,). ,., the matrix representation of T. Note that the
bound (4.16) implies the operator inequality 7> T. Define the modified
hopping Hamiltonian by

FIhop= Z Z X, ¥ \¢1 ,\a (421)

o= 1.l x,ved

which also satisfies
Hyop>Hy,, (4.22)

Although the introduction of A, is not essential for our proof, it con-
siderably simplifies the required estimates.

4.2. Localized Bases

We introduce bases for the single-electron spaces #4),. and #7.,
in which each basis state is localized at a lattice site. The use of such
localized bases enables us to treat electrons as “particles,” but with taking
into account the band structure of the model. The actual construction of
the bases will be presented in Section 10.

We start from the easy case with p =0, ie, the flat-band models. For

xe4a,, we define the state Y™ = (Y7, 4 € #pgie DY

1 if x=y
Y={ —12 if yedand|x—y|l=./v2 (4.23)
0 otherwise

An explicit calculation shows that 3 yed 19 ¢ =0 for xe 4,. This can be
done by using (3.19), but it is easier to use (3.17). Thls means that
Y e D | since the lowest band has a constant energy £ =0 when p =0

single?

as in (4.14). Since the states y'* with xe A4, are linearly independent and
|4,| is equal to the dimension of #!) ., we find that the collection of the

sm le>

states {y'¥'} .., forms a basis of #;

single *
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For xe A', we similarly define ) € #;,,. as

1 if x=y
Y ={1A  if yed,and |x—yl=/v2 (4.24)
0 otherwise

It is evident that ') with xe A4’ and ¥’ with x’ € 4, are orthogonal to
each other. This means that ¥ with any xe A’ is orthogonal to the space
H oo+ By counting the dimension, it then follows that {y/**'} .. ;- form a
basis of g -

Both the bases {¢'*} .., and {y¥} ., are not orthonormal, but
the states in the bases are sharply localized at lattice sites. The introduction
and use of the localized basis for #{), was essential in the study of the
flat-band Hubbard models in refs. 47 and 34.

To deal with non-flat-band models, we shall construct similar bases for
the models with p 0. Since this is a problem of perturbation theory in a
one-body quantum mechanics, there is no essential difficulty when the
strength of the perturbation |p| ¢ is sufficiently smaller than the energy gap

2%t. In Section 10, we prove the following.

Lemma 4.2. Suppose that A> 1, and |p| A2 <r,, where 1, and r,
are positive constants which depend only on the dimensions d, v. Then we
can take for each xeAd a state @"'=(p!"), . € #y. such that
@Y =¥+ holds for any ze Z“. The collections of the states {¢*'} .,
and {¢'™} .., form bases of #{}) . and #,,., respectively. These basis

single
states are summable as

o

E,A lpy” — l//“’|<131/1 (4.25)
5 =yl gt -yl <5 R Y (4.26)
Ve
Y lo i <B 14 (427)
by
and
X x=yl-lef? =y < B, R (4.28)

/12

xed

where B, is a positive constant which depends only on d and v.
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The bounds (4.25)-(4.28) imply that each state @' is sharply
localized at the reference site x. The bounds also show that the states ¢
are chosen so that they become identical to ¢ when p =0.

Let us investigate how the modified hopping operator T'=(i, ), yed
introduced in (4.20) acts on these basis states. From the definition (4.20),

it is obvious that
T =2 )2p™ (4.29)

if xe A'. For xe 4,, the basis state is transformed as

TeW= 3 7, .Y (4.30)

Ved;

where the effective hopping matrix elements 7, , are given by
ry_x=(2n)‘djdk e —¥)g (k) (4.31)

where g,(k) is the dispersion relation of the lowest band discussed in
Section 4.1, and {dk (---) is a shorthand for the sum (27/L) ¥, . , (--).
Note that only y in 4, appears in the right-hand side of (4.30), reflecting
the band structure.

The precise form of 7, , depends on specific perturbation. But the
following general bound is sufficient for our purpose.

Lemma 4.3. When A> A, and |p| A2 <r,, we have

Yo lnal= X I I<Bplt (4.32)
xed, yed,
and
Yo lx=yl-lnu =Y lx=yl |t <BiR|p|t (4.33)
xedy yed,

Since the bases {¢'} .., and {¢"} ., are not orthonormal, it is
convenient to introduce the bases which are dual to them. The dual bases
are constructed uniquely by a standard procedure (in Section 10), and we
can prove the following.

Lemma 4.4. Suppose that A=, and |p| A=2<r,. Then we can
take for each xe A a state ¢ =(3'"), ¢ 4 € Hing, such that ¢ =@{* "

holds for any z € Z% The collections of the states { ¢} .., and {¢'7} ..
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form bases of #!),, and #%, ., respectively. They are dual of the bases

{90} 4, and {@™} . . in the sense that we have

Z (¢(\) (\)zé.\:x’ (434)
yved

for any x, x'e 4, and
Y AG oY =0, (4.35)
xed

for any y, y' € A. These basis states are summable as

> I(/’J‘.:"’-!//ﬁ:"’lsBIM+— (4.36)
vedad ’ ’ A ’1
S oyl 165 — i < B, RIEL 4 B2 (4.37)
yed i AZ A
S 1630w <5, A 4 2 (4.38)
y » 112 l .
xedAd
and
2 lx=yl- 198 — t/zﬁ:"’lsB.R'p|+— (4.39)
xeAd A- }.

where B, is a positive constant which depends only on 4 and v.

Note that the right-hand sides of (4.36)—-(4.39) do not vanish when
p =0. This is because the dual basis state ¢’ has nonvanishing exponen-
tially decaying tail even in the flat-band model. This remarkable asymmetry
between the state ¢'*' and its dual @' plays a fundamental role in our
work.

5. LOCALIZED BASIS FOR THE HUBBARD MODEL

In the present section, we discuss the framework for describing many-
electron systems by using the localized basis introduced in Section 4.2.
Elementary statements about the “ferromagnetic ground states” and the
theorem for flat-band ferromagnetism are also proved.
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5.1. Fermion Operators for the Localized Bases

We rewrite the Hubbard Hamiltonian (3.14) by using the new fermion
operators. The new representation turns out to be suitable for our purpose
for taking into account both the particlelike nature of electrons and the
band structure of the model.

We first define the creation operator corresponding to the basis state
@' as

al =Y (@M)*ct, (5.1)

ryed

for xe A and o =1, |. Similarly we define the annihilation operator corre-
sponding to the dual basis state ¢ as

boo=1Y ¢, (5.2)

ved

forxedand =1, |.

By using the basic anticommutation relations (3.11) and (3.12), the
definitions (5.1) and (5.2), and the duality relation (4.34), we find that
these operators satisfy the anticommutation relations

{al,.al }={b.s. b, }=0 (5.3)
and

{aI',a’ b_\'.r} = 5\ ,)'617.1 (54)
for any x,ye 4 and o, 7=1, |. Note that (5.3) and (5.4) have exactly the
same forms as the canonical anticommutation relations.

By using the other duality relation (4.35), we can invert (5.1) and (5.2)
to get

.= ¢Pal, (5.5)
ved .
and
Coo= 3, (@N*b,, (5.6)

ved



590 Tasaki

5.2. Representation of the Hamiltonian

We shall rewrite the Hamiltonian using the operators a ,and b .
for the hopping part, we treat the modified Hamiltonian Hhop deﬁned In
(4.21), rather than the original H,,,. By substituting (5.5) and (5.6) into
(4.21), we find that

7 ~(v)§ v)
Hhop= Z Z (p(\”t\v((p(\’ )* az.ﬂbll'.rr

a=1,1 x y.o,wes

{ lyolyot Z ! bx,a} (5.7)
a=1.1 \x,yed,

xed

where we have used (4.29) and (4.30), which determine the action of T, and
the duality relation (4.34). The representation (5.7) makes the band struc-
ture manifest.

Similarly we can rewrite the interaction Hamiltonian (3.15) as

Ho=U 3 (§al Y(@N* b1 N9V al N9 * b, )
xoeeowzed

= Y U a}‘,‘Ta:f‘lb,l._l b., (5.8)

»wowzed
where the effective interaction is given by
Oy =U Y, 30 02)* (59)
xe

Note that the interaction Hamiltonian H,,, in the new representation (5.8)
is no longer local.

Remark. It is also possible to write down a representation similar
to (5.7) for the original hopping Hamiltonian

Hhop= z { Z Ty, \a- )a Z \v vn} (510)
o=1,1 ‘\x,ved, x.ved

with properly defined z, , for x, ye A"

5.3. Elementary Facts About the “Ferromagnetic
Ground States”

We can now prove the basic statement about the “ferromagnetic ground
states.”
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Proof of Lemma 3.2. Since we are interested in states with
Siot = Smmax» We can concentrate on the sector with S13)=S,__ . States (with
Stot = Smax) 1D Other sectors can be obtained by suitably applying the total
spin lowering operator. Clearly H,, annihilates a state with S{))=S, .. as
it contains only up-spin electrons.

Because the conditions for Lemma 4.1 are satisfied, there is a finite
energy gap between the lowest band and the remaining bands. In order to
make the eigenvalue of H,,,, small, we need to use as many states from the
lowest band. Since the electron number L is identical to the dimension of
the Hilbert space J# ), for the loest band, this can be done in a unique
way, and we find

¢T=< I aI._T> o, (5.11)

~Ned,

is the desired “ferromagnetic ground state.” By operating with H,,, in the
representation (5.10), we find that H®, = E, @, with

Ey= 3, te.=L%,, 1 (5.12)
xed,

We also prove the theorem about the instability of the “ferromagnetic
ground states.” The proof is based on the standard variational argument.

Proof of Theorem 3.3. Let d} , be the creation operator for the
Bloch state (4.6) in the lowest band with the wavenumber vector ke ¢,
and let €,(k) be the corresponding energy eigenvalue. Let k., and k., be
such that

8I(kmin)<31(k)<£](kmax) (513)

holds for any ke #. The bandwidth is given by é=¢ (k) — & (kmmin)-
Take a variational state

D=4l . i 1Py (5.14)
The energy expectation value of the state @,,, is easily shown to satisfy

(Prars HD 1)

<Ey—i+U=E, . (Spu)—E+U 5.15
(B Bry) 075 (Stas) =&+ (5:13)

The claimed instability follows when £> U. ||
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5.4. Flat-Band Ferromagnetism

In refs. 47 and 34, Theorem 3.1, which establishes flat-band ferro-
magnetism, was proved for the models with v=1. Although the extension
to the general case is not hard, we present it here for completeness.

Proof of Theorem 3.1. The flat-band model is characterized by
7. ,=0 for any x, ye 4,. Then it is easily verified [from, say, (5.10)] that
Hyo, =0. We also know that H,, >0, and hence H>0. From (5.12), on
the other hand, one finds that the “ferromagnetic ground state” &, of
(5.11) has vanishing energy, and hence is a ground state of H. The remain-
ing task is to determine all the other ground states.

Let @ be an arbitrary ground state with L electrons. We obviously
have

H., ®=0 (5.16)
and
H, ®=0 (5.17)

which means that @ is at the same time a ground state of H,,,, and of H,,,.
As we discussed in Section 2.1, this is a special feature of flat-band models.
Since H,, of (3.15) is a sum of nonnegative terms, (5.17) implies
neyn, ®=0 for each xeA. Since n yn,.,=(c, ¢, ) (ccrc, ), this
further implies ¢, ;c, ;@ =0 for each x € A. By using the inversion formula
(5.6) and noting that (¢'*)*=y” for the flat-band models [see Sec-
tion 4.2, especially (4.23)], this reduces to the following useful condition:

> oYW b, b, P=0 (5.18)
»oed

The relation (5.16) implies that the state @ consists only of the single-
electron states from the lowest (flat) band. Therefore we expand it as

o= Y f(A4,B) ( I1 a;T)( I a;'._l> D, (5.19)
A Be A, xe A xeB

where the sum is taken over all subsets 4, B< A, such that |4| +|B| =L",
and f(A, B) are coefficients.
For xe A, and & of the form (5.19), the condition (5.18) becomes
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because of the definition (4.23) of the i states. By using the anticommuta-
tion relation (5.4), (5.20) implies that f(A, B)=0 whenever A ~ B# {J.
Thus the expansion (5.19) can be reorganized as

<15=Zg(a)( I1 aI—_,(_\-)> Dac (5.21)

xed,

where the sum is now taken over all the possible “spin configurations”
0=(0(x)) e 4, With a{x)=1, |.
For xe A’ and @ of the form (5.21), the condition (5.18) becomes

Y (byybo —boyb, ) P=0 (5.22)

yoedylx)
r>=

where A, (x)={yed,||y—x| =\/;/2}, and we ordered this set in an
arbitrary manner. Since any site xe€ A, is “occupied” in the representation
(5.21), the condition (5.22) is satisfied only when we have

(by.Tb:.l_b:.Tby.l) @=0 (523)

for any y, ze A4,(x) with y#z for some xe A"
By substituting the expansion (5.21) into the condition (5.23), we find
that the coefficients satisfy

glo)=glo,..) (5.24)

where o, _ is the spin configuration obtained by switching o(y) and o(z) in
the original o. The relation (5.24) along with the expansion (5.21) implies
that & can be written as

L‘l
D= Y a(Sg)MP, (5.25)

M=0

. . « - _ ) SQ(2) . .
with suitable coefficients «,,. Here S, = Si, —iS\; is the spin-lowering

operator. This proves the desired theorem. |

3 This is only true when the electron number is L =|A,|. We treated only the special
models with v=1 in refs. 47 and 34, where this step can be extended to other electron
numbers.
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5.5. Basis for the Many-Electron System

We shall introduce a basis for describing many-electron problems.
Let se A, and let 4 = A be a subset with |4| = LY— 1. We define

v, (k)= 3 e'*~-"T_\.[a:,l<H a:,T)abm] (5.26)

xedy red

where T, is the translation operator (3.32). The state ¥, ,(k) is an element
of the Hilbert space 4%, (3.34), of the states with momentum & and a single
down-spin electron. Clearly ¥, ,(k) with different (s, A) can define the
same state. For se A, (with a ue %), one can take a unique ye A, such
that s=u —y. Then we have

YI.Y,A(k) =emyyu.A+_r(k) (527)
where A+ y={x+y|xed}, and feR.
Let A,=A4,\{o}. We define
1
Q(k) =l ¥, a(k) (5.28)

where a(k) >0 is a real function of k which will be determined later in the
proof. We note that §2(k) is our approximate spin-wave excitation, which
plays the central role in our proof.

Finally, we define our basis 4, for the space J#, as

B={Qk)} V{¥, 4(k) |ueWU, A=A with |4|=L'—1 and
(u, A) # (0, 4,)} (5.29)

6. PROOF OF THE MAIN THEOREMS

In the present section, we shall describe the proof of our main
theorems on the stability of ferromagnetism and the lower bound for the
spin-wave dispersion relation. We make use of various estimates which will
be proved in later sections.

6.1. Basic Lemma

Let us define

ﬁ=ﬁhop+Hinl (61)
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where H,,, is the modified hopping Hamiltonian (4.21) and H,, is the
standard interaction Hamiltonian (3.15). For basis states @, Ye %,, we
define the matrix elements 2[ ¥, @] € C of the Hamiltonian A above by the
unique expansion

Ho= Y WY, 0]1¥ (6.2)

Ve %y

Note that only states from 4, with a fixed k appear in the right-hand side
of (6.2) since H is translation invariant and the momentum k is conserved.
For @ e #,, we define

D[®]=Re[h[®, ®]]1— Y  |h[&, ¥]| (6.3)

¥e B\ (@}

Then we have the following lemma. The basic statement is elementary and
well known (in standard linear algebra), but it serves as a basis of our
proof.

Lemma 6.1. Let Egy(k) be the energy of the spin-wave excitation
defined in Section 3.4. Then for each k€ .#", we have

Esw(k)> min D[] (6.4)

€ By

Proof. Let E(k) be the lowest eigenvalue of A in the Hilbert space
#,, (3.34). We first claim that Egy (k)= E(k). This is a straightforward
consequence of the operator inequality H > A [which follows from (6.1)
and (4.22)] and the fact that both H and A commute with T, (xeZ9)
and S).

Thus the desired bound (6.4) follows from the inequality

E(k)2 min D[®] (6.5)

& e Xy

which is indeed a straightfoward consequence of a well-known relation in
elementary linear algebra. To show (6.5), let E be an eigenvalue of A, and
®,e #, be the corresponding eigenstate. We expand @, as P,=
Zwea C g’) ¥, where C(¥) are coefficients. From (6.2) and the eigenvalue
equation Hd,= Ed,, we find that C(¥) satisfy

ECP)= ) h[®, ¥]C(P) (6.6)

¥ B
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for any @ € %,.. Let @' € %, be the state such that |C(¥)/C(P")| <1 holds
for any ¥ e %,. Then we have

E= Y ho, sv]—ﬁ

¥ e By ( )

>Re[h[&. ®']]— Y |h[&, ¥]

W e BM\{P'}

=D[¥'] (6.7)

Since E(k) is the smallest eigenvalue, the desired inequality (6.5)
follows. |

Being a very crude bound, we cannot expect (6.4} to yield meaningful
results unless we use a basis which “almost diagonalizes” the low-energy
part of the Hamiltonian. As we shall see below, it turns out that the basis
we constructed in Section 5.5 indeed has such properties.

6.2. Estimates of the Matrix Elements

We shall summarize the results of Sections 7 and 8, where we estimate
various matrix elements.

Before stating the results, it is convenient to introduce a new labeling
of the special states ¥e 4, which have nonvanishing matrix elements
h[ ¥, Q(k)]. For any ue% and re 4,, we define

®,,(k)=Y e*~at_ b, & (6.8)

\+u.1
x€e Ay

where @;=(]],c4, a},_,) P, is the “ferromagnetic ground state.” By
noting that T.[TT1,c4, al;1=IT,c4,al ;. we can relate the state (6.8) to
the general state ¥, (k) of (5.26) as

D, (k)y=Y e* T, [a”lb (]_[ a}‘,‘7> ¢vac:|

xed, ved,

—senlr) ¥ e al ( TT al,) 0]

xeA, ve A\{r}

=sgn[r] Yju./t,,\{r;(k) (6.9)
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where sgn[r] = 1. By using (6.9), we can rewrite (5.28) as

1
Q(k) =20 D,.,(k)

597

(6.10)

Let A} < A, be a special subset with the property that for any s, te 4,
such that s #¢, we have either s—7e A} or t—se A} (and not both). An

example is
L—-1 L-1
A::{xeA,, 0<x,<T}u{xeA0 xl=0,0<x2<T}
L-1
u{xer x1=x2=0,0<x3\T}u---
—1
uixed, |l x =x,=--=x,_,=0,0<x,<

For ued, re A', and s, te A, such that s—te A}, we define

e x
(Dtl.r.l,.\'(k): Z e' \aT\‘+u,la.T\~+r,fb.\'+I.Tb-\‘+x.T¢T

NE Ay

(6.11)

(6.12)

It can be shown that the only states ¥ e 4, such that A[ ¥, Q(k)] #0
can be written in the form @, (k) or @,,,, (k) with suitable u, r, ¢, and s.

See Section 7.

By using the representations (5.7) and (5.8) for the Hamiltonians, we
can express the matrix elements iA[ ¥, @] explicitly in terms of the effective
hopping 7 , and the effective interaction U, ,,,. .. We leave the derivation

to Section 7, and summarize the results as the following lemma.

Lemma 6.2. For any u, r, t, and s as in (6.8) or (6.12), we have

L kes\? .
h[Q(k)aQ(k)]=E0+2 Z <Sln_2_> Us,o;s.a

se A,

h[Q(k), P, (k)] =0, ,alk) e~ "~ 1)z,

+alk) ¥ (e*r—e* )T,

seAy

$22/84/3-4-18

(6.13)

(6.14)
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h[Q(k), D,,..sk)] =a(k)(e"'"'s—e‘”‘") O, ter (6.15)
 (pik-r
h[¢u r ( ] éuu (k) ( 1) Ta,r
TN ’k " ’A s) Uu,.r:s‘r (616)
a( s€dy
and
_L ik-s _ ik-1y FT
h[¢u,r;l,:(k)’ Q(k)] _a(k) (6’ € ) Uu.r;x.l (617)

It should be noted that these matrix elements are not symmetric, reflecting
that the basis 4%, is not orthonormal.

By combining the expressions (6.13)-(6. 17) the bounds (4.32) and
(4.33) for 7, ,, the representation (5.9) for U‘ e - 1N terms of the basis
states ¢\ and @, and the bounds (4.25)-(4. 28) and (4.36)-(4.39) for
these states, we can derive explicit bounds for the matrix elements and their
sums. Again we leave all the derivations to Section 8, and summarize the

results as the following lemma.

Lemma 6.3. Under the assumptions that 121, and |p| <p,, we
have

U C"
RE[h[Q(k)Q(k)]]zEﬁP(l—C.Ipl—f>G(k) (6.18)

with G(k) defined in (3.36),

Z [R[Q(k), ¥]| <alk < )Ikl (6.19)
e B\{R2(k)}
1 C4U|pl
[ ®,.,(K), 2()]] < a(k)(B Ripl 1+ 2P SE iy (620)
and
1 C.U
VL ®v.r k), QU < 2o =5 K] (621)

Here C,; (i=1, 2,3, 4,5, 6) are positive constants which depend only on d,
v, and R.
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We can perform a similar analysis for the matrix elements which do
not involve the state Q(k). For & e B,\{Q2(k)}, we define

D[®]=Re[h[ D, P]] — > |h[ D, ]| (6.22)
¥ e B\{ @, 2(k)}
Then we prove the following in Section 8.4.

Lemma 6.4. Assume that 1> 4,, [p| <po, and K57 |p| S UK K A,
where 44, po, K3, and K, are constants which depend only on d, v, and R.
Then we have

BL¥, k)] > Eo+ﬂz’—’ (6.23)

for any ue ¥ and A = A such that |4|=LY—1 and 4 n A’ # ,

D[, (k)] >Eo+% (6.24)
for u #0, and
~ U
D[®,, (k)]=E, +5 (6.25)

for r#o.

6.3. Proof of Theorem 3.6

We will now prove Theorem 3.6 for the lower bound of the spin-wave
excitation energy, which i1s one of most important results. In the proof, we
make use of Lemmas 6.3 and 6.4. We will later confirm that the conditions
for these lemmas are satisfied.

From Lemma 6.1, we find that the desired lower bound (3.38) follows
if we show

D[¢]>E0+F2%G(k) (6.26)

for any @ e #,. [Recall that Eg = E_;,(Smax)- ]
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We shall first verify (6.26) for & =¥, ,(k) e %, such that
h[ ¥, k), 2(k)]=0 (6.27)

Then, comparing the definitions (6.3) and (6.22), we find D[ ¥, ,(k}]=
D[ ¥, 4(k)] for such ¥, ,(k). We also claim that the condition (6.27)
inevitably implies 4 nA'# J. To see this, we note that the converse
An A= means A=A,\{r} for some re 4,, and hence ¥, (k) is equal
to +@,,(k). [See (6.9).] Therefore we can use the lower bound (6.23)
to find

2

t U
+—2—>E0+F2FG(k) {6.28)

D[P, k)] =D[ ¥, 4(k)] > E,
where the final bound is derived by noting that G(k)<2”* (% and F, <1,
and assuming that

16
7122""2<d) (6.29)

v

Therefore the desired inequality (6.26) is verified for & =¥, ,(k) such that
(6.27) holds.

Next we examine the inequality (6.26) for the states which do not
satisfy the condition (6.27). They are the states Q(k), &,,.(k), and
®,, (k) defined in (5.28) [see also (6.10)], (6.8), and (6.12), respectively.

As for the state @, ,(k), we use the definitions (6.3), (6.22), and the
bounds (6.24) and (6.20) to get

D[¢u,r(k)] = D[¢u,r(k)] - Ih[cpu,r(k)’ Q(k)]l

c.U
B,R|p| ¢+ S Y10, U>|k| (6.30)

anl- g

1 (
2 cx(k)
Let us choose a(k) as

4 |k|

_alx C,Ulp|
ak) = U <B Rp|t+—— JE + ,PU> (6.31)

Then (6.30) becomes

U U
D[®,, (k)] > Eq+ 5> Eq+ Fy 73 G(k) (6.32)
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To get the final bound, we have made a further assumption that

v

APV EA <d> (6.33)

We have shown the desired bound (6.26) for & =, (k).

The state @, , (k) (Where we require r € A') satisfies the condition for
the bound (6.23). By combining (6.23) with the bound (6.21), and using
(6.31), we have

D[®,,,(k)]1=D[®,, (k)] = k[, k), k)]

A% 1 CU
> 0Tk
Eot 5 =30 22 ™
=E l_zt CeU
7 2 41XB\R|p|t+C,U|p|/A2+ CsUIAY)
2%t Cgh
2 —_———
Ey+ 4C5U
A%t
2 —_—
Ey+ n
U
> Eo+Fy73 G(k) (6.34)

where, to get the final bound, we required

0<sULK At (6.35)
with K, = C;/Cg, and
A5t d
> 2v+3 .
Tz 2° <v> (6.36)

We have shown the bound (6.26) for =9, ,, (k).

Finally we examine the state Q(k), which is our trial state for the
elementary spin-wave excitation. By using the bounds (6.18) and (6.19) and
the choice (6.31) of a(k), we get

U C,
DLo(k)] >Eo+1—4<1 —¢, 1ol —7-) G(k)

— (k) ( ) Ik|
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U C,
~Eo+32(1-Cilpl =) Gtk

2 Cs 2t
4Z(C;+BR/“U| '><c4l|+ 5+ B,R |”|>|k|

A
U A, A%t |p|
?Eo+l4(l—Allp|”'l—_A3 U )G(k)
U
= Eo+ F> 73 G(k) (6.37)

with suitable positive constants 4,, 4,, and 4;. Here we used the bound

2

k|2 < 72 Z (51nki>—<%—G(k) (6.38)

which follows from |k,| <, and further assumed that

Ztlpl

A
U

(6.39)

We have thus confirmed the desired bound (6.26) for all @ e %,. This
means that the desired lower bound (3.38) for the spin-wave excitation
energy has been proved.

It remains to examine the conditions for the model parameters
assumed in the proof. The assumptions made during the proof are (6.29),
(6.33), (6.35), (6.36), and (6.39). Among them (6.35) and (6.39) are
explicitly assumed in the statement of the theorem.

Since we shall choose A, so that 1,>1,> /,, the conditions about A
and p stated in Lemmas 6.3 and 6.4 are satisfied.

Let us set

d 1/5 d 1/4
s =max{,10, /{4,<K22"+3<v>> , (2“3 <v>> L (Ka/K4)'?, (K3/A3)”2}

(6.40)

From the assumption 4> A; (with the above ;) and the assumed (6.35)
and (6.39), we can verify that the conditions (6.29), (6.33), (6.36), and
K, |pl t < UK K, A3t (which is required in Lemma 6.4) are satisfied. Finally
the conditions A >4, and A > 1, required in Lemmas 6.3 and 6.4, respec-
tively, are satisfied since A>A4,>1,. This completes the proof of the
theorem.
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6.4. Proof of Theorem 3.4

We now prove our main theorem, which states the local stability of
the “ferromagnetic ground states.”

Theorem 3.4 follows from the following statement, which has more
general (but more compliated) conditions.

Lemma 6.5. The local stability inequality (3.31) is valid if either of
the following is satisfied:

(i) A=As, |pl<po. A, lpl+A4:47+ 4322 |p| U "<, and 0<
UL K, At

(i) A21;, |pl<po, Ailpl+ 4247 + 434 |p|(K;) "' <1, and
UzK,At.

The constants 4,, 4,, and 4; are the same as those in Theorem 3.6.

The lemma actually is the most natural way of expressing our stability
theorem. The conditions {3.29) and (3.30) in Theorem 3.4 were introduced
to give an easily accessible sufficient condition for condition (i) or (ii) in
Lemma 6.5.

Proof of Theorem 3.4, Given Lemma 6.5. We set 1, =max{A;, 4,/4},
py=min{p,, (44,)7"'}, py=K,(44;)~", and K, =44;. Suppose that the
conditions in Theorem 3.4 are satisfied.

We first assume 0 < U< K, At. Then we have A4, |p| <1/4, A,/A<1/4,
and A;A% |p|/U<1/4. It is obvious that all the conditions in (i) are
satisfied.

Next we assume U= K,At. Again we have A, |p|<1/4, A,/A<1/4,
and 454 |p|/K, <1/4. The conditions in (ii) are satisfied. |

In what follows we prove Lemma 6.5.

For each state @ which is an eigenstate of (S,,,)? with S, = S — 1,
we can take its SU(2) rotation & which satisfies ${2)® = (S ., — 1) ®. Since
¢ and & have the same energy, it suffices to concentrate on the space

Hip—1 ={P | SN =(Smax— 1) B} (6.41)

and prove the stability theorem. By using #, defined in (3.34), the above
space is decomposed

Hyr= ® H; (6.42)

ket
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We first assume that the condition (i) in Lemma 6.5 is satisfied. Then
the assumptions of Theorem 3.6 are automatically satisfied, and we also
have F,>0. Thus for any ke # such that k#0=(0,..,0) the lowest
energy Eqw(k) in the sector J# satisfies

ESW(k)>E0=Emin(Smax) (643)

Recalling the decomposition (6.41), onre finds that this proves the desired
bound E_;,(Smax — 1) > Ein(Smax) €Xcept in the sector .

To deal with the sector £, is not hard. We note that the state Q(o) is
written as

1
£2(0) =mSt‘m¢T (6.44)

where S, = S'1) —iS{!) is the spin-lowering operator. This means that 2(0)
is nothing but one of the “ferromagnetic ground states” and has the total
Spin Sior = Shax- Let Epnin(Smax — 1, 0) be the lowest energy in the sector J#,
with S, =S.c— 1. Then, by repeating the argument in the proof of

Lemma 6.1, we find that

Epin(Smax—1,0)2  min  D[P] (6.45)

@ e B\{R2(0)}

The right-hand side can be bounded from below by using the inequalities
(6.28), (6.32), and (6.34). We get

Emin(Smax_l’ 0)>Eo+mln{ N 4 }>E0 (646)

>
which completes the proof of the desired local stability inequality (3.31).

The only remaining task is to prove the inequality (3.31) when the
condition (ii) in Lemma 6.5 is satisfied.?” Note that U is not bounded from
above in this case.

The key ingredient in the extension is to realize that E,, (S..) does
not depend on U, while E ;. (S,.x— 1) is increasing in U. The latter fact
follows by noting that H,,, is increasing in U (as an operator), both H,,,
and H,;, commute with the total spin operator, and E, . ;,(S..x— 1) is the
lowest energy in the sector with the fixed S,,.

Suppose that the condition (ii) in the Remark after Theorem 3.4 is
satisfied. Then by setting U= K,At, the condition (i) in Lemma 6.5 is
satisfied, and we have E,_; (S pax — 1) > Emin{ Smax)- Because of the increasing

37 The following argument was suggested to the author by Andreas Mielke.
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property of E in(Smax— 1), this inequality remains valid if we increase U
with other parameters kept fixed. This proves the local stability inequality
(3.31).

7. REPRESENTATION OF THE MATRIX ELEMENTS

Here we will prove Lemma 6.2 about the representation of the matrix
elements involving the states Q(k), @, ,(k), and @, ,, (k).

7.1. Treatment of the Hopping Hamiltonian

By operating H,,, with in the form (5.7) on the state @, (k) [see
(6.8)] and using the anticommutation relations (5.3), (5.4), we get

ﬁhopdsmr(k):( Z Ty-va;.aa:c.a> Z eik.pa;.lbpw,T‘pT

v eTAl., pPEA
o=T.
—_ ik-p .t
- Z Tp+ru€ ap.lbv,TéT
pved,
ik.p 1t
+ Z Ty r€ ap.ibp+r.T¢T
pP.YEA,
k.
+ Y t,,e%7al b, P, (7.1)
pP.yeEAS

We shall make the change of variables p=x, v=x+s (with x, se 4,) in
the first term, and the change of variables y=x, p=x+s—r (with
X, s€A4,) in the second term. By also using (5.12), we have

ﬁhop¢o,r(k)=E0¢o,r(k)_ Z T
x.5€ Ao

+ Z Ta,.r—reik'(s_r)eik..\.a_T\',lbx+S,T¢T

X5y

ox t
e' \ax.lb.\'+s.T¢T

r.s

=E®,,(k)+ ¥t (e 1), (k) (72)

S€A,

where we made use of the translation invariance of 7, ,. Following the
definition (6.2) of matrix elements, we define the matrix elements
hyopl ¥, @] by the unique expansion

Hop®= Y hyool ¥, P1¥ (7.3)

¥e By
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By comparing (7.2) with this definition, we find
Popl @ oK), P, (k)] =0, Eo+ T, (e “ 7" —1) (74)
By recalling Q(k)=a(k)™' @, (k), we find that (7.4) yields
Moo 2(k), (k)] = E, (7.5)
hnop[ 2(K), @,, (k)] =alk)(e ™ " =1)1,, (7.6)

and

1 )
hhop[¢o,r(k)s Q(k)] =d(_ks (e'k.r* 1) Tor

7.2. Treatment of the Interaction Hamiltonian

Before calculating the matrix elements of the interaction Hamiltonian,
we recall the representation (5.8), and decompose it as H;,,=H'\) + H{3)
with

int —
yesdp eowzed

H) = z z 0y.v:n',:[l;.laz.lblizlb:-T (78)
and

int

H(?-): Z Z f]y,v:w‘:a;,Taz‘lbw.lb:.f (79)

ved pwczed

Note that H!!) and H!?) are not Hermitian.
We apply H,)) to @,,(k) and simplify the expression by using the

mt

anticommutation relations (5.3), (5.4) to get

(1 N ' ik - ¥
H; )@u.r(k)_ z Uy.l':w.:a}".Taz.lbw.lb:.T 2 e pap+u.1bp+r.1'¢‘f

mnt

yed, peA,y
v,z

— 77 ik-p 1
- Z (jy,v;ui-p,ye av.lbp-i—r.T(pT

ved
»wped,

- z {’} +r.v;p+u,:eik‘paz.1b:.T¢T (710)

¥4
ved
.ped,
We note that ve A4 can be uniquely decomposed as v=x+u' with xe 4,
and «'e4. We further make the change of variables p=x+w—r,



Stability of Ferromagnetism in Hubbard Models 607

y=x+s—r (with w,se4,) in the first term [in the right-hand side of
(7.10)], and the change of variables z=x+w, p=x—s (with w,s5€ 4,) in
the second term. Then we get

H‘ : )¢u.r(k)

int
_ & ik (x+w—r) 1
- Z U.\'+s—-r..\‘+u';.\‘+ll+W—r..\‘+.\‘—re ax+z:’.1bx+\n'.r¢‘[
e
xswed,
—_ 77 ik-(x—s) .1
Z U.\'+r—x..\'+u’:.\'+u—x,.\‘+we ax+(l',lb.Y+|l',T¢T
u'ew
x.swed,
_ T ik-(w—r) 7 —ik-s
- Z ( Ux.u’ + ru+ n',.\'e - Ur.u' +_v;u.|r+.re ) ¢u'.n'(k) (71 1)
e
sswed,

where we used the translation invariance of U

Vomuze
We again define the matrix elements /4,,[ %, @] by the unique
expansion

Ho®= ) h, [P ®1¥ (7.12)

¥ e By

Then we can read off from (7.11) that
hin([¢u'.w(k)’ q)u‘r(k)]

~ ik (v —r -~ ks
= Z (Us.xl'+r;x:+u'.sel o ’)_Ur,u’+s:u.n'+.s‘e ‘ J) (713)

seAd,
By setting ¥’ =w =0 in (7.13), we get
hi[QU), @, (k)] =a(k) Y, (e™*"—e %) T,,,, (714)
SE Ay

Next, we set u=r=0 in (7.3) to get

1 y, ik w [/ —ik s
hin([¢u’.n'(k)a -Q(k)] =&(_k_) Z (UX‘“';"‘Jell\ W Ua'"' +x;o.“‘+xe " )
seA,
1 L
= m Z (el/\ w__ ik 'A) U“'_‘y;_y‘"- (715)
sed,

where in the second term we used the translation invariance and the sym-
metry as

~ -~ ~
Uo,u' +sowAs U—s.u’: —sw Uu‘, —5; =8
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and then replaced s — —s. Finally we set u=u'=r=w=o0 in (7.13) to get

/’lim[Q(k), Q(k)] = Z (1 _e—ik.s) Ux.a;S.o

sEAy
=% Z —ik-y elk s) Uso:o
4
ks\? -,
=2y <sin7°> U, oeo (7.16)
seAd,

where we used U, ,.,,=U =U_,, _;. which follows from the
translation invariance and the symmetry of U),‘D;,,.‘:. Note that we do not
assume any reflection invariance.

We are now ready to prove some of the expressions in Lemma 6.2. The
expression (6.13) follows by summing (7.5) and (7.16), the expression
(6.14) follows by summing (7.6) and (7.14), and the expression (6.16)
follows by summing (7.7) and (7.15).

We next calculate the action of (7.9) as

0, ~—s;0, —§

(2) — 7
HJo, (k)= Y U,,...alal b, b.; Y e*7al b, &,
ved pety
vow,zeA
= — 7 ik-p*t
=— Y Uiup-e*ral a) b, 10,9 (7.17)
ved
ved
p.ced,

In the final expression, we note that the summand is vanishing for p=z,
and decompose the sum over p, z as

S ()= Y o+ Y ) (7.18)

p.z€dy P EA, p.zZ€A,

p#*: p—zedAf :—psA:
where A is defined in (6.11). We then switch the variables z and p in the
second sum to get

HQ®, (k)= Y (e*P—e*") Y U,,,-al,alb.1b,:®; (7.19)
p.c€A, ved
p—zeAl ved
We write v =x + u with x € 4, and u € %, and make the change of variables
y=x+r,p=x+s,and z=x+1t (withre A', s, te A, such that s—re 4))
to get



Stability of Ferromagnetism in Hubbard Models 609
H2 &, (k)

int
_— iks-s __ rk t il «
= Z (e, e ) Uru.\l Z e *a +ula\+rTb\+lTb\+é T¢T
ued xed,

= X (= ) U, B 6 (7.20)

This leads us to

1 ) . -
hint[¢u,r.l.s(k)7 Q(k)] =;(7) (e1k~s - e'k.,) Ur.u;s,l (721)

which gives the desired expression (6.17) since there are no corresponding
contributions from H,,, or H\})

int -

To prove the only remaining expression (6.15), we calculate

a~

1 ik -
H( )cpur.t_.r(k): Z Ux+l.v;x+u.x+r e' \aT b\+sT¢T

nt
ved
xed,

i ik x ot
- Z U.\'+s,u;.\'+u..\'+re au,lb.\'+r.1¢T
ved
xeA,

+ (other terms) (7.22)

where (other terms) do not contain any contributions to @, ,(k). Since we
are interested in calculating the matrix elements A, [D, (k), D, ., (k)],
we shall pick up only those terms which have some contributions to
®, (k). This allows us to sum only over ve 4, instead of ve 4. We can
also consider only x such that x+s=v in the first term, and x+¢=v in
the second term. Then we get

1 T ik - (0~
H! )¢u r.l.s(k)= Z Uu+1—s,v;u+u—x.v+r—se' Sl T bv1¢1

int
veAd,

ik -(v—1)
- Z v+:—!vv+u—lu+r—te aL 1b01¢1
ved,

+ (other terms)
- Us I ur( —ik~s_e—ik-r) ¢a.o(k)

+ (other terms) (7.23)
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which implies
hi[Q(K), @, (k)] =a(k)(e~* *—e~* ) T, ., (7.24)

Since there are no corresponding contributions from H,,, or H{}), this

gives the desired expression (6.15). This completes the proof of Lemma 6.2.

8. BOUNDS ON THE MATRIX ELEMENTS

Here we prove Lemmas 6.3 and 6.4, which state various bounds for
the matrix elements and their sums. In the proofs we shall use the proper-
ties of the localized bases summarized in Lemmas 4.2-4.4, which will be
proved in Section 10. In order to make use of these lemmas, we have to
assume that 2>, and |p| 1"><r,. The bound for A is assumed in the
statement of Lemma 6.3. In Lemma 6.4, we assumed the stronger condition
2> 2,. (We will choose 1, so that 1, 4,.) The bound |p] 27> < r, follows
from the assumption |p| < p, in Lemmas 6.3 and 6.4, since we shall now set

Po=(/10)2”o-

8.1. Bound for h[Q(k), Q(k)]

We first prove the lower bound (6.18) for Re[ #[ Q(k), 2(k)]]. In fact
we prove the stronger estimate

U 2
h[Q(k), (k)] — <E°+l_({‘ G(k))‘ S? (C, (o1 +%> Gk) (8.1)

which implies the desired (6.18).
With the goal (8.1} in mind, we will bound the quantity

~ 2
G(k)= 7 (hL(k). (k)] — Eo)

24 ) k- 2 ~
:26 Z <SIHTS> U\',o:x.v

SE Ay

k-s\2
=24y <sin7°> PYAPN* (9N (8.2)
sed,
xen

where we used the expression (6.13) for the matrix element and the
representation (5.9) for the effective interaction. Let us introduce

1= =y F =60 -y (83)
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where ¥ is the localized basis state (4.23), (4.24) of the flat-band model.
Then (8.2) can be written as

N %

Glky=22* Y, <sin —5>
sed, 2
xed

X WA+ 0O+ TN + 1)

= Go(k) + G (k) + Ga(k) + Gi(k) + Gy(k) (8.4)

where G,(k) denotes the collection of terms which contain the /ith power of
’s when we expand the left-hand side. In the following, we shall control
G, for each i=0, 1,2, 3, and 4.

We first control Gy(k). It gives the most dominant contribution as

Gok)=22* ¥ (¥’ (Sinl%>—
SE Ay
xed

k- 2
=2y ¥ (sin M) = G(k) (8.5)
feFo gedy 2
where we used the expression (4.23) of ¢*'. See (3.8) and (3.9) for the
definitions of %, and Z.
We bound the absolute value of G,(k). One of the four terms in G,(k)
is bounded as

k-s\*
‘2/1" Y <sin-—s> i
.\‘.E/Ii, 2

SZA“M D) <sm (/+e) >
A A res, ces 2
_B |P/|1+ B, Glk) (8.6)

where we used (4.36) to get the bound |7’ < (B, |p| + B,)/A* The other
three terms in G (k) can be bounded similarly, and we get

4B, |p| +2B,

1Gk) <=5

G(k) (8.7)
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We bound the absolute value of G,(k). One of the six terms in G5(k) is
bounded as

k-s
‘2/14 Z (sm _) lp(o))z ’7(.\)’7(\\)
S‘E/;‘n 2

4 (0) Iklz (s) (s)
<2 T ORI 1o 178
s€ Ay
xed
i S -
< B8 s b i+ 55 £ 8 Il Il 1)
sed, SeF, sed,
kz
<+ B (5 b )( 5 i)
s€ Ay se A,

#2022 3 (T =11 X ls=A1- 177

SeF, \sed, s€ A,

(8.8)

2|~/'| B\ R |p| B,R |p| + B,
< a
Ikl '1 ( ,12 > 22 /12

where we used [sin(k-s/2)| < |k|-]|s|/2, |s|<2|s—f], and the bounds
(4.28) and (4.39) on the summability of the basis states. Another term

k-s
'2,1“ Y (sm—> W07

sedy,.xeA

can be bounded by the same quantity as in (8.8).
The remaining four terms in G,(k) have the common structure

b e

se A,

xed
2 k 2

<222 Y |79 179+ (sin k-if+g) (8.9)
feZ, ’ 2
geFyr

where 77 denotes either # or 7. (The four terms are obtained by assigning
n or /j with each 7.) We can bound [7{”’| and |77/ *#'| using (4.25) or (4.36),
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depending on whether 7=# or 7. By summing the resulting bounds and
(8.8), we get

2|7,
l?_

4B 2B,
+/12< 1 |p|+ 2

|Gz(k>|<{<1+ )BlR|p|(BlR|p|+Bz)}|k|2

) ) G(k)

<<C1 |p|+%> G(k) (8.10)

with constants C, and B, depending only on 4, v, and R. Here we used the
assumed bounds 4> 4, and |p| < p,, as well as the bound (6.38) to bound
|k]? by G(k).

The quantities Gi(k) and G,(k), which contain higher powers of #
or /j, can be bounded in a similar (in fact easier) manner, and we get

|G(k)| < B‘}'f ' G(k) (8.11)
and
Bs
|Gy(k)| <3 G(k) (8.12)

with constants B, and B which depend only on 4, v, and R.
By summing up (8.5), (8.7), and (8.10)—(8.12), and comparing the
result with (8.2) and (8.4), we finally get

4B, |p| +2B,
A

B, B B
—ciipl--"0A -2 ) ate

|G<k)—G(k)|<<1—
s(l—cl |p|—%> G(k) (8.13)

with a constant C, which depends only on 4, v, and R. This is nothing but
the desired (8.1).

8.2. Bound for X |h[Q(k), W]|

We shall prove the bound (6.19) for the sum of the off-diagonal matrix
elements A[ Q2(k), ] stated in Lemma 6.3. We first note that, since ¥ with

822/84/34-19
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h[Q(k), ] #0 is either of the form @, (k) of (6.8) or &,,,, (k) of (6.12),
we can write the desired quantity as

Y. Lk, P

Ye B\ Q(k)}

= ) ek, e, N+ Y |h[Qk), D, (k)] (814)

ued ued

red, red

(w7} #{0.0) sted,
(s—red])

To bound the first term in the right-hand side of (8.14), we use the
expression (6.14) for the matrix element to get

Y kLK), ®,.(k)]!

e
read,

(u.r)#(0.0)

< Y afk)|(e™*—1) 1,

red,

+ Z (X(k) I(eﬁik.r'_e_ik“v) Ux.r;u‘sl
ue¥
r.seA,
(te.r) # (0.0}

Sofk) 1kl Y Il +ak) kL Y ir=sl 10l (815)
red, nedt
( u,rr:)y: ;:Jn o)

The first term in the right-hand side 1is readily bounded by
a(k) B\ Rt |p| - |k| from the summability (4.33) of z, ,. To bound ‘the
second term, we use the representation (5.9) for U“;,,‘_\, and the bound
|r—s|<|r—x|+|s—x]| to get

Z |r—s| : |(7,r.r;u.s|
weWw
r.sed,

(u,r) #(0,0)

~(8) 500 (u (s}

SU Z (lr_x|+|s_x|)|(pf\')¢!\')l'|(p,\')(p.\‘ |
r.s€Ad,
wed
xeAd



Stability of Ferromagnetism in Hubbard Models 615

< 3 {0t ( £ 10e1) % ir=xi- 101 ) 3 ton)|

xeA sed, red, sed,
we
+0 3 flowr (T s=xt-0en) Z i) T o)}
xNed sed, red, s€ed,
ueW
=20 3 {ioi( £ s=x-1091)( £ 1081 2 1ot )}
xXEA s€ M, sed, se A,
Hew
=2U Z {--}+2U Z {--}
xed’ xe A,
we ued
<2U oy (22 BRIl By 7 >
"_Z:A, |(p\ ‘<2 21 + )"_
uew

2" B, lpl+By\(2" B, |p|
x<x+ pE >/1+ a2

B,R B, B B, B
203 oy (BRI By B

NE A,
e

U
<Bi (8.16)

where the constant By depends only on 4, v, and R. We have used the
expressions (4.23), (4.24) for Y and the bounds (4.27), (4.38), (4.39), and
(4.25) for the sum of the basis states.

Next we bound the second term in the right-hand side of (8.14). We
again use the expression (6.15) and the representation (5.9) to get

Y [QK), D, (k)]

ue¥
redA’
sredy
(.\'—IEA:)

<alk) Y (e *t—e * N, il

ue¥w
reA
sted,

Sk kI U Y Is—t]-1¢0¢ 0] - 1o o] (8.17)
red’
sted,
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To bound the sum, we again use |s—t| <|s— x|+ |t —x]|, and the sym-
metry between s and ¢ as we did in (8.16), to get

Z 'S—tl |(P(s) (l)l |(p(u) (r)

xed

we ¥
reA’
s.ted,
<2 3 {01 T =101 )( T 11 )( T 1ol )}
xed SE A,y ted, red’
ued
=2 Y {}+2 ) {
xeAdA x€eA,
e ued
B, R |p| +B,><2‘ B, |p| + B,) >< B, |p[>
<2 G e e 5 1 3
X 1o '< T r 7 pE e
uew
BR|p|+Bo>< BlRlpl+Bv>(I9°’I B, lp|>
2 wp  —2——2(1 — ) =2 :
+ erAllw\ I< B +— FRRARE
ue“]/‘
<B,L (8.18)
= 712 .

By combining (8.14)—(8.18), we finally get the desired bound (6.19)
with C3=B6+B7.

8.3. Bounds for the Other Matrix Elements

Here we prove the bounds (6.20) and (6.21) stated in Lemma 6.3.
Instead of proving (6.20) for fixed ue # and re A, with (u, r) # (0, 0),
we prove the bound for their sum

1 C
ue U
1!4.:)1/:3;.0) (819)

which clearly implies the desired (6.20). By using the expression (6.16) for
the matrix element, we have
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Y A&, (k), Q)]
ue¥y
red,

(u,r) #(0.0)

1 . 1 ) ) ~
S—= (e‘k.r_ 1) Torl +—73 (e'k.r_e’k.s) Uu 58,
), %, i s
r.sedy
< B R| |z|k|+ﬂ lr—s| 10, ol (8.20)
= d.(k) 1 4 (X(k) =, (IR .
r.s€ A,

where we used the summability (4.33) of |z, ,|. The second sum can be
treated in exactly the same manner as we did for the similar sum in (8.16).
As a result, we get

Z Ir—s| . IUu‘s;x,rl < U Z |r—s| . I(p(\ll) (ﬁ(\”l . |(PS\S)¢(\")|

ued uedy
r.sedy rseAd,
xeA xed

<y {|¢f¢”l( 5 |s—x|~|¢‘:’)

xeA SEAy
ued

<[ T o) T o) (821)
se A, s€Ad,y

This is the same as the fifth line in (8.16), except that ¢ and ¢ are switched.
Because of the drastic difference in the localization properties of the
states ¢ and ¢, this results in the remarkable difference between
> |A[R(k), D, .(k)]| and X |h[ D, . (k), 2(k)]|. Again by decomposing the
sum over x as

Y{d=Y {3+ Y ()
xeA xed xed,
and using the expression (4.23) for ) and the bounds (4.27), (4.28), and
(4.38) for the sum of the basis states, we can further bound (8.21) as

Z |r-—s| : |Uu,s;.\',r|
ue¥
r.sed,

xeA

B
<2 ¥ |¢&f"|(2"§+ )

/12
xedA'
uey
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2" B, |pl <2v B, |P|+Bz>
x<,1+ z \Tt 2~

B, R B B + B,
v20 5 o (BRILY(1 Bl Bl B

NE A,
e

C,U |pl
<A
FERRRE

(8.22)

where C, and C; are constants. The desired (8.19) follows from (8.20) and
(8.22).

Next we show the bound (6.21) for A[ @, ., (k), 2(k)]. It is done in
a similar manner to the way we bounded 4[ Q(k), @, ,., (k)] in (8.17) and
(8.18). From (6.15) and (5.9), we have

AL D,.....(k), (k)]

1 -~
m | e lk"l . IU.y,I:u.r'
k|U
, | tl I(p(\) (/)l |(0(”)(ﬂ'\.r)|
xedA
2l U I s )
s el ls—x| -1 ]
alk) \.;, o371 1o, ‘,;,n ’ ,EZ/:‘” 1%
2 k| Z o] - ' <2\ \/‘7 B, |p| +B7><2‘ +B 1 1p| + B, >
(X(k) xed (p Az /1 /{2
2 k| U P o] <B Pl "'B?)(l +B| |P|2+ Bz)
( ) xeA, A
1 CU
<al = A (8.23)

which is the desired (6.21).
This completes the proof of Lemma 6.3.

8.4. Proof of Lemma 6.4

We shall prove Lemma 6.4, which controls the sum D[ ¥, ,(k)] of the
matrix elements. We recall that the assumptions for this lemma are dif-
ferent from those for Lemma 6.3.
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By using the representation (5.8) of the interaction Hamiltonian and
the definition (5.26) of the basis state ¥, ,(k), we find

Hint Suu,A(k)
_y e,-k..\-Tx[ » 0),‘1,;,,_:a;,_Ta;lb,,,lb:,Ta;l<1‘[ at T) qsm]
xed, yo.zeA te A
= Z eik.xT.\‘ [ Z f]y.v;u.: Sgn[)’, z A] a:,l < l—l at,‘[) gzjvac:|
xed, wuzeA (€A y
= Y sgn[y, 5410, - ¥ (K) (8.24)
yoced

where we have used the translation invariance of f/, wuz- The set 4. is
obtained by replacing the sire z in 4 with y, and sgn[ y, z; A]= +1 comes
from the reordering of the fermion oprators. The matrix element i, [ ¥, (k),
¥, 4(k)] can be (in principle) obtained from (8.24) if we take into account
the identification (5.27) between the basis states and rewrite ¥, A:ﬂ(k) n
terms of some ¥,. (k) e B,. But here we take a slightly different strategy.

By Ai[---, ---]1 let us denote the pseudo matrix elements which are
directly read off from (8.24) without taking into account the identification
(5.27). We immediately find from (8.24) that

Eim[ WL:,A:_.J.(k)’ qyu.A(k)] = Sgn[ ¥, A] (7_\'.0;14.: (825)
and, by a suitable replacement of symbols, that
P[P ak), Poa, (k)] =s5gnly, 2, 4] U, .50 (8.26)

Since some of the diagonal elements in the true matrix elements
hyal - -] are treated as off-diagonal elements in the pseudo matrix

-~

elements h,[---, ---], we observe that

il P alke), 2]

& e B\ P alk). 20k}

< 2 il P a(k), @1 (8.27)

@ & B\ W, atk). 2(k)}
and

Re[him[ qju.A(k), unA(k)]]
2 Re[ﬁint[ YIu.A(k)’ WII.A(k)]]

- > i [ ¥ alk), 1 (8.28)

@ € B\{ P, alk). Q2(k)}
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for any ue¥, A=A with |4]=L9—1 such that (4, 4) # (o0, A,), where
A,=4,\{o}. From (8.27) and (8.28), we can bound the contribution to
D[ ¥, (k)] of (6.22) from the interaction Hamiltonian as

Dint[ 5Uu.A(k)]

= Re[him[ Tu.A(k)a 5uuA(k)]] - Z lhint[ Ylu,A(k), ¢]|
@ & B\ W, 4l k). 2(k)}
2 Re[hiy[ P, 4(k), ¥, 4(k)]] -2 Y. i P, 4K), B

@ e B\ P a(k).Q20K)}

(8.29)

for any (u, A) # (o0, 4,).
By using (8.26), we can evaluate the sum in the right-hand side of
(8.29) as

Y Fimi[ P k), @]

D e B\ P alk). 20k)}

< Z ' Uu. ::y.vl
r-ed
(oo ) # (1,2)

<SU Y (89N 0P e (8.30)
(: :)L#('::IA)

where we used the representation (5.9) for the effective interaction 17,,.:;_,,' o

We further use the bounds (4.23), (4.24), (4.27), and (4.38) for the sum of
the localized basis states to bound (8.30) a

Y il P a(K), D]

D& B\ atk). (k)Y

<U {W"’l(z |¢£’|)(z ot
\eA e yed

(2, )}

— U(gg(u)) (99("))'
<U(max 3 1021) (max 3 10t - UL ol
e xed

cof(i 2 'z')
( B'””)(l-Bai"')'}

4
]

—

< By (8.31)
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where the constant By depends only on d, v, and R. We have made use of
the bounds 41> 24, and |p| < p,.

By using (8.25) and the representatlon (5.9) for U, ,., ,, we write the
diagonal element of /i, [+, ---] as

Eim[ qlu.A(k)’ un,A(k)] = Z Uu._v;u,y

yed

=U Y 3We (@ el)* (8.32)

xeA
yed

Again by using the properties (4.27) and (4.38) of the basis states, we have

Re[ Aol P, alk), ¥, 4K)]1]
> y[ue ATURe[ (") {(p")*}?]

5 (1) =) (1) (V)
U Y 1996 et el
xed
yed
(X, ¥) # (u,u)

>y[ueA] URe[(¢"V{(e!)*}?]

~o{(Z, 00 2 o) 2,10t
xed X yed ed

(max 5 1<p<”|> EIk |<pi:"|2}

x'e yed

Zx[ueA]U—ng (8.33)

where y[---] is the indicator function with y[truecevent]=1 and
x[false event] =0.
Substituting (8.31) and (8.33) into (8.29), we get

Din[ ¥ utk)] 2 x[ue AJU~ By, (8.34)

>l

Next we examine the matrix elements of the modified hopping
Hamiltonian Flhop. By using the representation (5.7) and the definition
{5.26), we get
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Hhop WII,A(k)
=22t [(Au{u})nA'| P, k)
+ Z eik.xTx[ Z -cv_:a;db:.dal‘l<n ah) ¢vac]
xed, vzed, ’ reAd
a=T.1
= (o (AU {u}) N A+ 322 [(A0{u}) N A']) ¥, alk)
+X[H € Aa] Z Ty,u Y’y,A(k) + Z ty‘: Sgn[ya z; A] Ylu.A;*".(k)

yed,\{u} zedn4a,

yeda (8.35)
where we wrote g=r1, , for ye 4,. Note that y[ue4,] =0, , as long as
ue.

From (8.35), we can read off the matrix elements of H,,,, as

hhop[ SUu.A(k)’ YIu.A(k)] =£0 |(A o {u} ) N Aol + %Azt I(A o {u} ) nAll

(8.36)
Mopl W alk), ¥, (k)] =sgn[y, z; A] x[ 2, ye A, ] T, (8.37)

and
Phopl ¥, alk), ¥, (k)] =7, , (8.38)

where ¥, ,(k) in (8.38) should be properly interpreted as a state in %,
using the identification (5.27). We did not define pseudo matrix elements
here since hy,o,[ ¥, 4(k), ¥, 4(k)] does not contain any diagonal elements.

Let us use (8.37) and (8.38) to evaluate the sum of the off-diagonal
matrix elements as

Z |hhop[ W:z.A(k)a ¢]|

@ e B\ Wi, ath), Q(k)}

S Z |T:‘y|+6u,a Z |Ta,y|
zednd, yeAd\{o}
vedAN\A

<(|A0\A' +5u.a) Blt |p|
=(l[AnA'|+1+4,,) Bit|p] (8.39)

where we used the bound (4.32) for the sum of the effective hopping 7_ .
The identity (A, \A]|=]4 " A'| +1 follows from |A4| +1=|4,|=L"
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By combining (8.36) and (8.39), we can evaluate the contribution of
D[ ¥, 4(k)] from the hopping Hamiltonian as

ﬁhop[ YIu. A(k)] = hhop[ qlu, A(k)7 Stlu. A(k)]

- Z Ihhop[ g!u,A(k)a ¢]|

(Degk\{ ¥y, alk), -Q(k)}

>GO(I‘ﬂ'_ 1— |A r\/‘lll +6u.o)+%)'2t(|A mAll + 1 _511,0)
—(l[AnA|+1+4,,) B, tpl (8.40)
By summing up the contributions (8.34) and (8.40) from H;, and
H\p, tespectively, we can finally bound the desired quantity D[ ¥, ,(k)]
{6.22) as
D[ yluA(k)] = f)int[ glu. A(k)] +Dhop[ Wu. A(k)]

U
2E,+y[ued] U—B,OI
3., ,
+<Z/1't—80—Blt |p|> (|lAnA'|+1)

3
+<—let+£0—Blt|p|>5u‘0 (8.41)

where we noted that E,=Y . . T, .= L%,. See (5.12).

The desired bounds (6.23)-(6.25) are derived by investigating the
bound (8.41) in each situation. We first consider the case AN A'# .
Noting that |[AnA'|=21, 6, ,<1, x[ueA4]>0, and ¢, < B,t|p|, we find
from the basic bound (8.41) that

= U 3
DLY, [k)]1=E, ~Bio7+3 A*t—4B,t|p|
1.,
>Eo+§h (8.42)

which is the desired bound (6.23). To get the final inequality, we have here
assumed that

(]

>JIQ
ool'—'

t,  4Bt|p| <= A2 (8.43)

00',_.
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We then turn to the case A " A" =J. Then the state ¥, ,(k) is noth-
ing but the state @, (k) defined in (6.8). When u o0, the basic bound
{8.41) with |4 n 4’| =0 and J§, ,=0 yields

= U 3
D[®, (k)]1>Eo—Bip—+7 A2t —2B,t |pl

>E0+% 2 (8.44)

which is the desired bound (6.24). We again used (8.43).
Finally, when u =0 and r # o, we find that y[u € 4] = 1, since the state
@'°) is doubly occupied. Thus the basic bound (8.41) yields

~ U
DUY, (k)]ZE,+ U—Bio> =28t lp]

>E, +g (8.45)

which is the desired (6.25). To get the final inequality, we have assumed

It only remains to examine the conditions for the parameters. We shall
set K;=8B,, K,=(8B,,) ', and

Ay=max{Aq, 2B g, \/32B, p,)} (8.47)

and make the requirements as in the statement of Lemma 6.4. Then the
conditions (8.43) and (8.46) are easily checked to be satisfied. Lemma 6.4
has been proved.

9. UPPER BOUND FOR THE SPIN-WAVE ENERGY

We will here prove Theorem 3.5, which states the upper bound (3.35)
for the energy Egw(k) for the elementary spin-wave excitation with the
wavenumber vector ke /. In contrast to the corresponding lower bound,
the upper bound can be proved by employing the standard variational
argument. The new idea here is to use the state 2(k) of (5.28) as a trial
state. In the proof, we shall make use of Lemmas 4.2 and 4.4 about the
localized basis states, and some estimates about the matrix elements proved
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in Section 8 during the proof of Lemma 6.3. The assumption made in the
statement of Theorem 3.5 guarantees that we can make use of these results.
(See the beginning of Section 8.)

Since we have Q(k)e #,, the lowest energy Egy (k) in the space
satisfies the variational inequality

(2(k), HQ(K))

(@0k), 2k) ¢

Esw(k) <

where (-, -) denotes the inner product. Recalling the definitions of A [see
(4.21) and (6.1)] and the matrix elements (6.2), we can write

HQ(k)= HQ(k)

=h[Q(k), QK] 2k)+ Y AP, k), 2], (k

uew
red,
(u, ry#(o0,0)
+ Y ...k, QK] P, (k) (9.2)
v
s, teAy
(.\‘—IEA:]

By noting that (&, (k), Q(k))=0if r#o0, and (@, , , [(k), 2(k))=0, we
find

(Q(k), HQ(k)) = h[ L(k), Q(k)](2(k), L2(k))

+ 3, D, k), QK)(QK), &, (k) (93)
red,
r#o

Recalling the definition (6.8) of &, (k), and noting that
Qk)y=ak)""' @, ,(k), we have

(qjo.u(k)’ o, r k) < Z e'k \(lt 1b\'.1¢1’ z eikiya}".lb,v+r"r¢1'>

xed, Vyedq
1 ik

=L' Y e " N&y, bl a4l b, D) (9.4)
xXE Ay

where we made use of the translation invariance to replace y to o. Note
that we have encountered the operators @ and b' for the first time in the



626 Tasaki

present paper. Going back to the definitions (5.1), (5.2), we get the
anticommutation relations

{aI',a’ ay.r} =(G).\'._v 517.! (95)
and
{b:rv.a’b,v‘.r} =(G_l)x.y 5:7.1 (9.6)

where the Gramm matrix G is given by

=Y (pt)* ot 9.7)
zeAd
and its inverse is
(G™Y, = Z (§0)* 3 (9.8)
zed

That (9.8) correctly defines the inverse of G can be easily verified by using
the duality relations (4.34) and (4.35). The complicated anticommutation
relations (9.5) and (9.6) are major drawbacks of the use of the non-
orthogonal basis.

By using (9.5) and (9.6), we can further evaluate (9.4) as

(D, .(k), @, (k) L"( P (AN )Y,r>(¢p¢r) (99)

xedy

As for the expectation value in the right-hand side of (9.1), we use (9.3)
and (9.9) to get

(Q(k), HQ(k))
(Q(k), (k)

=h[Q(k), (k)]

ZreA,,(r#o) ) ! h[¢o r( Q(k)]( ( )5 ¢a. r(k))
k)72 (D,, (k) o.o(k))
=h[Q(k), Q(k)]
+ZreAg(r#oJ h[Q k) -Q(k)] Z\EAu _'k A(G)o \( ).\',r
Z.\‘e/l,, _'k \( )o..\'(G ).\-,o

(9.10)
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Since the first term in the right-hand side is already controlled by the
bound (8.1), we only need to bound the second term.

We start from the denominator of the final term in (9.10). By noting
that X, 4, (G), « (G™"), ,=1, we have

‘1— T ek(G), (G ).,

ed,
T (1=e (0,46,
< |k| 21 X1 - 1(GYo. s (G Y
< |kl ZA (x=y1+1yD) 1@ 1@ - 1987 - 19|
vozed
Slkl2<B'f2|p|><l+|?l+B:I|2p|><l+|9;| LB lp/ll—+B7>
<B, ')"' (9.11)

where we used (4.23), (4.24), (4.26), (4.25), and (4.36). We also noted that
A= Ao, |pI < po, and |k| <\/2n. Thus we get

—1
(T e 0na6) [<1emly o)

xed,

We now control the numerator of the final term in (9.10). By noting
that 3" . 4. (G), « (G™Y), ,=0 for r #0, we get

Y k)AL, (k) QK] ¥ e NG, (G,

re A\{o} xed,

=| Y ak)h[®, (k), 2k)] Y, (e7**—1)(G), (G M),
re A\{o} xedy

<a<k)( 5 |h[¢,,,,(k),9(k)]|>|k|( 5 |<G>D.X<G-').\..,|)

Xre Ao\ {0} xred,
CUlpl , Cs

<<B,Rt|p|+ e + A3U>

><< ) IXI~|(G)¢,,,\-(G").\~.r|)Ikl‘2 (9.13)

X, red,
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where we used (8.19) to control the sum of the matrix elements
h[ @, k), £(k)]. The remaining factor can be bounded as

Z IXI'I(G)D,,\-(G_I),\'JI

N redy

< X Ux=yl+1yD 1oy -1y 168167

X, red,
»oedA

< B3 %)g‘l (9.14)

By collecting (9.1), (9.10), and (9.12)—(9.14) and by using the bound (8.1)
for the matrix element i[ 2(k), (k)] and the bound (6.38) for G(k), we
finally get

U C,
Eolk) < Eo + 35 GUk) + 35 (c 1ol + )G(k)
CaU |pl

+Bl4<B Rt |p| +——— E

Ipl
A 2 2
<E,+ )U<1+ Al |+L(jl’3'—>(;(k) (9.15)

which is the desired (3.35).

10. CONSTRUCTION OF THE LOCALIZED BASES

In the present section, we shall explicitly construct the localized bases
{0} ce. and {®"} .., and the dispersion relation ¢,(k) and prove the
summapbility stated in Lemmas 4.2-4.3.

The main problem treated here is a perturbation theory in the finite-
dimensional eigenvalue problem (4.9), where the unperturbed problem has
an energy gap. It is well established that such a finite-dimensional pertur-
bation theory can be controlled in a perfectly rigorous manner."'®-3%)

However, there are some subtle points specific to the present problem.
Here we are treating the set of eigenvalue problems indexed by the
parameter ke #". Moreover, it is essential for us to explicitly construct
(unnormalized) eigenvectors which are especially chosen to have a “nice”
k dependence. We found that, for this purpose, it is better to directly deal
with the Rayleigh-Schrédinger perturbation theory in an explicit manner,
rather than to make use of the general theory.!?- *® Unfortunately, such an
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analysis of perturbation theory requires rather involved technical estimates
which are summarized in this lengthy section.

10.1. States in the k-Space Representation

The basic starting point in the construction of the bases is the
Schrédinger equation written in the form of (4.9), which is
) ev(k) = (A2t M(k) + pt Q(k)) v(k) (10.1)
where v(k)=(v,(k)),., 15 a b-dimensional vector. The bxb matrices
M(kY=(M, (k) wes and Q(k)=(Q,, .(k)), . c, are defined in (4.10)
and (4.11), respectively. For a fixed ke A [see (3.33) for the definition of
the space ], (10.1) is an eigenvalue equation of a b x b matrix. Here
b=|%|=(%) +1 is the number of bands. From a solution v(k) of (10.1)
for some k, we can construct the corresponding Bloch state in the real
space by

@ =e*v,(k) (10.2)

where u(x) denotes the unique element in % such that xe 4,,,,. The Bloch
state ¢ =(¢,),., becomes an eigenstate of the original Schrédinger equa-
tion (4.2) with the energy eigenvalue &.

One of our major tasks in the following subsections is to construct, for
each ke A", a vector v*'(k) = (v{"(k)) which satisfies

e

e(k) vIOk) = (A2t M(k) + prQ(k)) v(k) (10.3)

where ¢,(k) is the lowest eigenvalue for each k. In other words, ¢,(k) is the
dispersion relation of the lowest band. Thus the Bloch state ¢ =(@.)\c4
constructed from v')(k) according to (10.2) is an element of the Hilbert
space J# (). [see (4.19)] for the lowest band. In our construction, we do
not normalize the vector v*“’(k). We rather try to get a v'“’(k) which has
a “nice” k dependence so that we finally get sharply localized basis states.

For the moment, we assume that the desired v'°)(k) is defined, and
introduce other, related vectors. For each ee %' (=% \{o}), we define a
vector v\(k) = (v!(k)), 4 5O that the Bloch state (10.2) constructed from
vi“i(k) belongs to the Hilbert space /., [see (4.19)] for the higher

bands. For this to be the case, it suffices to have orthogonality®®

38 (.,.) denotes the standard inner product in the b-dimensional linear space. For v=(v,), ¢4

and w=(w,),.q, Wwe define (v, W)=Y, .4 (r,)* w,.

822/84/3-4-20
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(v'€(k), v''(k)) =0 for each k e . The vectors v'“(k) are defined in terms
of v'9k) as

— vl (k) if u=o
vk =< (v\2(k))* if u=e (104)

"

0 otherwise

The required orthogonality is readily verified from the definition. It is also
found that, for each k, the vectors v'“)(k) with ee %’ are linearly inde-
pendent of each other. Therefore the collection {v!*X(k)} ., for a fixed k
forms a basis of C°.

We also introduce the dual of the basis {v"“(k)},.,. For each ke 1,
we define the Gramm matrix G(k) by

(G(k)) e = (v k), v (K)) (10.5)

for u, u' e %. Since the vectors v*)(k) with ue% are linearly independent,
the corresponding Gramm matrix is invertible. We define the dual vectors by

V(“)(k)= Z (G(k)_])u'. u V(“')(k) (106)

u'ed

for each ue. We again write the components of the dual vectors as
Vk) = (8"""(k)),. ., By definition, we have

(V) v K)) =6, (107

and

Z (ﬁ(“) )* (")(k)""du,u' (108)

wew

for any u, ¥’ € % and for any ke X"

10.2. Construction of the Localized Basis States

Since we have introduced the vectors (states) in the k-space represen-
tation, let us describe how we construct the desired localized basis states.
For xe A, we denote by u(x) the unique site in the unit cell  such that
X€ A,

For x, ye A, we define

0= (2m)~ [ dl e 5= (k) (10.9)

()
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and

¢V =(2n)" j dle &+ (x = Vgt k) (10.10)

au(x)

where { dk( ---) is a shorthand for the sum (27/L)'¥, _ , (---).

Let us prove the duality relation (4.34). By using the definition (10.9)
and (10.10) and (uniquely) decomposing ye A as y =z + u with ze A4, and
ue ¥, we get

Z ((p(\))* (\ )

veA

/l(\ HY

- Z (Zn)_z"Jdkdk' —ik (v —x)+ ik “—"(""“”(k)) Dy

yed

— Z (27T)_2(IJ‘dk dki e—i(k—k')~:—i(k-—k’)~u+ik-.\'~ik'-.\"

ue
zeAd,

x (v“"‘”(k))* U(u(.\"))(k')

=(27t)""fdk eik~(.\-—.\-')(;,1/4(.\'))([()’ v(/t(.\"))(k))

—(2n)~¢ j dk e 5= [x—x'ed,]

=0, o (10.11)

where we used the duality relation (10.7) for v and v. We have also noted
that 6,y vy =x[x—x"€A4,] with the indicator function y[true]=1,
z[false] =0. The other duality relation (4.35) follows from the general
argument about the uniqueness of the inverse matrix, or can be shown in
a similar manner by using the corresponding relation (10.8).

In Lemma 4.2, we claimed that the sets {¢''} ., and {¢"} 4
form bases of the Hilbert spaces )}, and #'%,., respectively. Note that,

single
n (10.9), ¢ is constructed as a superposition of various Bloch states
e”‘ Yo (k) of the form (10.2). This means that '~ e #°() . if xe 4, and

P € H ngie if x € A'. To prove the completeness of each basis, it therefore
suffices to show that the union {¢"} .., is a basis of the whole Hilbert
space Hinge- But the desired completeness follows readily from the duality
relation (4.35). The same argument shows the corresponding claim about
the completeness of the dual bases stated in Lemma 4.4.

Finally we investigate the action of the modified hopping matrix
T:(t"_\._".)_\.‘ yea [see (4.20)] on the basis states. Noting the Bloch state is
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given by (10.2), we see that the Schrddinger equation (4.2) and Eq. (4.20)
imply

s ik X' (1) — 8l(k)( k- *v I(“;’\)(k)) lf u=o0 10.1
_\,EA lx.,\-'(e U;:(\)(k)) {%}.2[( ik x, L‘(l)\)(k)) if uew (10. 2)
From (10.9) and (10.12), we get for xe A that
Z t_ . (-\) 27[ (ljdk Z f lk (:’—.\')vﬁl(:i.)(k)
ed
= (2m)~ [ dkc &,(k) == V02 (k)
=2 .0 (10.13)

yedy

which is nothing but (4.30) with 7, . defined as in (4.31). The relation
(4.29) follows easily from (10.12).

10.3. Basic Setup of Perturbation Theory

In the following construction of various vectors, we treat ke £ as a
fixed parameter. The k£ dependence of the vectors will play nontrivial roles
only in the final Section 10.9.

Let us first set p =0 (corresponding to the flat-band model) in the

Schrédinger equation (10.1). The eigenvector @(k)=(w,(k)),., With the
lowest eigenvalue ¢ =0 is given by
1 if u=o
= 10.14
wilk) {—C,,(k)/l it wea (10.14)

where C,(k) is defined in (4.12). We will construct our v'“(k) by the
standard Rayleigh—Schrodinger perturbation theory so that it coincides
with w(k) if p=0.

For a fixed ke, we denote by P(k)=(P, ,(k)), . cs the
orthogonal projection (in the linear space C°) onto the vector w(k). From
(10.14), we explicitly have

1 if u=u'=o0
(AN ) —C k) if wed', w=o
Pu.u'(k)'_'< 112 ) X C",(k)/ﬂ, if u=o, u el (1015)

C, (k) C,(k)/A? if wued
where A(k) is defined in (4.13).
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By comparing (10.1) and (4.14), we find that the matrix M(k) (with a
fixed k) has simple eigenvalues 0, 1+ A(k)/A% and (b —2)-fold degenerate
eigenvalue 1. Since w(k) is the eigenvector corresponding to the eigenvalue
0, the matrix M(k) + P(k) has eigenvalues not less than 1, and hence is
invertible. We define

W(k)=(M(k)+P(k))~" (10.16)

From (4.10) and (10.15), we find*

A\ !

MK +Pk)=1+[1+ pE a(k)®a(k) (10.17)
where | is the identity matrix, and the vector a(k)=(a,(k)), ., is defined
as

A(k)/A? if u=o
= 0~
) {C,,(k)//l it uear (10.18)
By using the representation (10.17) and the general formula
(I4+av@v¥) =l ———_y@v (10.19)
T v, v)+1 '
we find from (10.16) that
k -1
W(k)=1 —<1 +A/§2 )> a(k)®a(k) (10.20)

where we noted (a(k), a(k)) = { A(k)/A*} + { A(k)/2%}>.

Following the philosophy of the Rayleigh-Schrodinger perturbation
theory, we are going to express the eigenvector of (10.1) (for a fixed k) with
the lowest eigenvalue ¢,(k) as a power series in p as

vOlk)= Y p"viO(k) (10.21)
n=0

(0)
n

where v|°)(k) is a vector independent of p. We require

vy(k) = w(k) {10.22)

* For arbitrary vectors v=(v,),.4 and w=(w,), .4, we define their Kronecker product as
YyOwW=(v,w,), ,cq Which can be regarded as a b x b matrix.
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and

(w(k), v{?i(k))=0 (10.23)

> '°n

for any n>1. We also express the eigenvalue as

)=t S ple,(k) (1024)

n=1

where the zeroth order is vanishing since we have ¢,(k)=0 when p=0
(which corresponds to the flat-band model).

By substituting the expression (10.21) into the Schrédinger equation
(10.1) and collecting the terms with the nth power of p, we get

Y gk vi(k) = 2°M(k) viI(k) + Qlk) v (k) (10.25)

J n—1
120

GA1T )

for any n> 1. In the present and the next subsection, summations like the
above are always taken over integers (unless otherwise mentioned). The
relation (10.25) is the basis of our perturbation theory. By taking the inner
product with v{(k) = w(k) in (10.25), we get
(wik), Q(k) v (k)

n—1

k) == i), wik))

(10.26)

For n>1, we have P(k)v!®(k)=0 because of (10.23). Thus, by using
(10.16), we can write

W(k) M(k) vi? (kY= {M(k) + P(k)} = {M(k) + P(k)} v\ (k) = v, (k)
(10.27)

for n = 1. Applying W(k) from the left of (10.25) and using (10.27), we get
the recursion relation

V) = — 53 Wik) QUR) v

n—1

(k)

1 (w(k), Q(K) ¥/° (k)
E L T sk k)

Jilz
(j+li=n—-1)

W(k) vi?(k) (10.28)

where we have substituted (10.26) for e;(k). Since the right-hand side of
(10.28) only contains v!{?(k) with m <n, we can in principle determine
v(?(k) with any n by using (10.28) recursively.
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Let us rewrite the recursion relation (10.28) in a more explicit form.
By substituting (w(k), w(k)) =1+ (A(k)/2*) [which follows from (10.14)
and (4.13)] and the explicit form (10.20) of W(k), we find that (10.28)
becomes

V)= VI 4 VO L VD 4 VD (10.29)
with
1
Vi = _FO( )V (k) (10.30)
1 0 A k h
V=5 Y (h+l)<— ;)) (a(k), Q(k) v (k) a(k) (10.31)
h=0

=) h
Vo= Y (-42) T o QU vk k) (1032)
h=0

S l=z0
(jFi=n—1)

and

V(4) = i

h=0

>—’>—a

(h+1) h +2) < A(k)>"
/12

x ), (w(k), Qek) v (k))(a(k), vi?(k)) a(k)  (10.33)
!

J =0
(j+I=n-1)

10.4. Recursive Bounds for the Perturbation Coefficients

Let us construct the vector v!°/(k) as in the expression (10.21) by using
the recursion relations (10.28) and (10.29) along with the initial condition
(10.22). The construction proceeds in an inductive manner. We first assume
that the u component (where ue %) of the vector v!?/(k) can be written as

1 n o0 1 m
on.=(z) L (3)

x > Y ({5t} {u})
(si, tiYe¥U xU e’

withi=1,.., n with j=1...., m
Sb(Si Y (Sit1. i) St uj<ujyy

(H Q.. k))(l’[ Cu,(k)> (10.34)

i=1
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with k-independent coefficients o,(u; {(s;, t;)}, {u;}). In (10.34), the sum-

tions which satisfy (s;, ;) 'é(s,.“, tir1) and u;<u; ., respectively. Here we

have introduced an arbitrary complete ordering in the sets % x % and %'.
Let us define

G n,my= sup |o(u; {(s;, 1)}, {u;} )] (10.35)

{0sic i i=t.n
{hi=tem

where the sup is taken over all the possible combinations that appear in
{10.34) with the given m. The quantity &,(n, m) plays the essential role in
our inductive proof.

From (10.14), it is obvious that v{”’(k) =w(k) can be written in the
form (10.34). We also find that the recursion relation (10.28) “preserves”
the form (10.34) since the recursion essentially consists of multiplications
by C,(k) [or A(k)=3, .. {C.k)}?] and the matrix elements of Q(k). See
(10.29) and (10.30)—(10.33). This observation determines «,( --- ) uniquely,
and formally “proves” the validity of the representation (10.34) if one
neglects the problem of convergence.

Let us turn to the harder problem of controlling &,(r, m) inductively
and proving convergence of the sum in (10.34). Our strategy is to substitute
the expression (10.34) for v{’/(k),..., v\"} (k) into the right-hand side of the
recursion relation (10.28), reorganize the resulting expressions for v!*’(k) so
that they become of the form of (10.34), and finally express the coefficients
a, for vi?Y(k) in terms of a; for v{“(k),..., v\?) (k). The final expression leads
us to an upper bound for &,(n, m) in terms of &(n', m') with n’ <n and
m' <m. See (10.36), (10.37), (10.39), (10.42), and (10.43).

The above procedure is easy to describe, but is too complicated to be
executed explicitly. We shall take a slightly less complicated way, where we
skip the intermediate calculations and directly get the final upper bounds
for &,(n, m). To avoid too much complication, we write the desired upper
bound as

N kS

a'n, m) (10.36)

1

& (n, m)<
J

where @\/"(n, m) are suitable upper bounds for the contributions to (1, m)
from V!/" in the recursion formula (10.29).

To bound the contribution from V!" of (10.30) and get an upper
bound &', we assume that v!°(k) is written as (10.34), and then ask which
Q... ,,(k) in (10.34) comes from the Q(k) which explicitly appears in the
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right-hand side of (10.30). Since there are at most 4 different Q, [(k)’s, we
can set

a&\n, my=b¢"(n—1, m) (10.37)

To bound the contribution from V'» of (10.31), we note that one of
the components of a(k), (10.18), is A(k)/A*=3,., {C.k)/A}?, and
(b — 1)-components of a(k) are of the form C,(k)/A. By considering all the
possible combinations of these components, we can set

&?(n, m)=b? Z (h+1)b=1)"{(b—D"**(b—1) & (n—1,m—2h—4)

h=0
+ (=13 b-1) & (n—1,m—2h-3)
+(b—D"*2(b-1)&(n—1,m—2h~2)} (10.38)

The prefactor b appears for the same reason as in (10.37). The factors
(b—1)+4 (b—1)**3 and (b—1)**2 are the upper bounds for the
number of ways to identify C,(k)’s in (10.34) as coming from A(k) or a(k)
in the right-hand side of (10.31). Since A(k) contains products of two
C(kys, we have the common factor (b—1)*. For convenience, we
reorganize (10.38) as

A n,my=Y bAb+1Y*" P (h+1)d(n—1,p) 3, 5212’52,,“,_,,,_/,

hopz0 u=21734

(10.39)

with &P =b—1, and &P =¢P =(b— 1)~

The next term V') of (10.32) contains two v'?(k) vectors. This means
that we need to identify C,(k)’s in v!(k) [in the form (10.34)] as either
(1) coming from A(k) or w(k) explicitly contained in (10.32), (2) coming
from vi*’(k), or (3) coming from v{9(k). Identifications of C,(k)’s into the
classes 2 and 3 require a new combinatoric estimate. We need to count the
number of ways to decompose (p + ¢) objects into p objects and g objects.
There are (b—1) different kinds of objects, and we do not distinguish
between objects of the same kind. [Of course, the objects are C,(k)’s].
A crude upper bound for the desired combinatoric number is obtained by
considering what are the possible contents of p objects. This observation
shows that the desired number is bounded from above by

(p+(b—1)—1)<{p+(b—1)—1}""”‘l (1040)

(b—1)—1 {G=1)—1}!



638 Tasaki

Since there is a similar estimate with p replaced by ¢, the desired com-
binatoric number is bounded from above by the quantity F(b—1;p, q),
where

(p+g—1)¢"! (q+g—1)g“} (1041)

(g-D ° (g—1!

An analogous combinatoric problem arises when we identify Q, (k)’s in
v{*'(k) as coming from either Q(k), v{)(k), or v{*!(k) in the right-hand side
of (10.32). Consequently we have the following upper bound for the con-
tribution from V{»:

Flg;p, q)=min{

i m)y= Y Y bAb— 1)t B2 G 1) Fb—1; p, q)
hpgz0 J1z0
(j+i=n—-1)
X&l(]sp)&l(l*q) z é§13)6211+p+q.m—/1 (1042)
n=01

with &Y =1 and £M=b—1.
Finally, the contribution from V{* of (10.33) can be bounded in a
similar manner as

h+1)h+2
d(lM(l’l,’n): Z Z bZ(iLg(L)(b_l)ll+rvr—(p+q)
hop.qz0 Jji=z0
(j+i=n—-1)
x F(b% j, 1) F(b—1; p, q) &,(J, p) &,(1, 9)
X z 6,514)52/1+p+q. m—u (1043)
n=23.45

with &P =(b—1), &P =b(b—1), &P =b(b—1)? and & =(b—1)".

10.5. Upper Bounds for the Coefficients

We shall carry out an inductive proof of upper bounds for &,(n, m).
Our inductive assumption is that there are constants f and y (determined
later) which depend only on the band number b, and we have®

ﬂn' ym’
(n'+ 1)1;3+1 (m' + I)b

& (n',m') < (10.44)

“ The factors (n'+1)**! and (' +1)" are indispensable for carrying out our inductive
proof. We do not mean, however, that (10.44) represents the correct asymptotic behavior
of &,(n', m").
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for any nonnegative n’ and m’, such that n’ <n and m’ <m. Our goal is to
prove the same bound for n' =n and m' =m. Since v{?'(k) = w(k), we have
@,(0,0)=1 [by comparing (10.14), (10.34), and (10.35)], which clearly
satisfies the assumption (10.44) provided that 8,y > 1.

In what follows, we shall bound each of @\”'(n, m) in (10.36) by using
the assumption (10.44). We start from &' (n, m). Since the right-hand side
of (10.37) contains only &(»n', m') with n' <n and m’ <m, we can use the
assumption (10.44) to get

5 ﬁ"—l ym
n?+1 (m+1)°

_ ﬁn ym E I’l+1 b+ 1
St reaydyd e B UL

&Mn,my<b

Note that we have factored out the desired quantity in front.
Next we investigate &\*/(n, m) by substituting the assumption (10.44)
into (10.39). Again we factor out the desired quantity to get

&\ (n, m)

2 h+m— ﬂn_l yp (2)
< z b~(b+1) p(h+1) Z é”— 62/x+p,m-—,u

41 b
hpz0 n (p+1) u=2.3.4

__F " {gf<n+1>bz+l}
T4+ DEF m+ DY B\ n

x{ Y (h+1) <m—+ 1>b (b—1)" <b___1>,,,_,,

hop=0 p+1 ¥y
x Y ED6y., m_,,} (10.46)
u=2134

We bound the sum over / and p as

m+1\? b—1\""*
£, w0 (Gr) e (5 5, e

h,p=0 4=2.3.4
b— 1\# [Ltm—pmy2] m+1 b (b—1)3 h
- 3 (G R ) een {05

M =ZZ,3.4 g y ,,go m_2h—‘a y"
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(b= 1\# [ Lim—2u=1)4] b—1))"
3. (Y [TE e 5

=234 h=0

o

_ 13y A
+ Y (m+1)”(h+l){(by21)}]

h=[(m—2u—1)4]+1

M bh—1 3\ —2
) éL”( 1) <1—( )>
u=12.3.4 4 y
— 24— _ AN (m—2u+7)/4
x{2b+2” (m H 1+1><({) 71)>
4 })'
— — _ 1y (m =21 +3)/4
+(m+1)* <m iﬂ 1+2><(b yzl) > }

VALY é"’( 1) (10.47)
p=234

where [ ---

] is the Gauss symbol. The final inequality in (10.47) is valid for
sufficiently large y. By substituting (10.47) into (10.46), we get

s ﬁ” ym b?_ <I1+ 1>b3+1
( ) < . i
(n.m) < m+ D) m+ 1) B\ n

133 _ 135 _ 136
x2b+1 {(b ,1) +(b ,1) +(b 41) } (10.48)
v v 4

We postpone the estimate of @\*'(n, m), and treat &*(n, m). Again by
substituting the inductive assumption (10.44) into (10.43), we get

(b— l)h+m—(p+q)

&P(n,my< Y y {bz(h'*‘_lgm

hp.gz0 =0
tj+i=n—-1)

x F(b% j, 1) F(b—1;p, q)

; P { q
X—= ﬂbll : b ’Bbll : b
G+1)r+r (p+ )7+ 1)+ (g+1)

(4)
x Z C,, 52/1+p+q. I1l~}l}

pu=21345

_ ﬂ" ym bz
T T A g (10.49)
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with
n+l >bl+‘ ,
S = —_ F(b=; j, 1 10.50
l % <(j+1)(,+1) (6%, 1) (10.50)
(j+l=n—1
and

S:= ¥ {W(b—l)j(b‘ly'_‘“‘”

hop.g=0 Y

m+1 6
Fb—1;p, @5, o }
<P+1)(q+l> ( P q);l=2§,4,sf# Qh+p+g.m—u
(10.51)

We first bound S,. By using the symmetry between j and / in (10.50)
and in F(b% j, 1), we have

(10.52)

S <2[(n—1)/?-]< n+1 >b2+l(j+b2—l)bl_l
1=
(

J+(n—j) (52 =1)

j=0

By noting that the bounds n — j> (n+1)/2and (j+ b — 1)< (B2 —1){(j+ 1)
hold within the range of the summation, we can further bound S, as

n+1 B +1 [(n—1)/2] (bz_l)b2—1 (j+1)b1—1
s {25

(n+1)/2 S GHDTEN B 1)
-1 o
<2'2b2+l£b(T)— Z (_]+1
= J(b?) (10.53)

where we introduced

(g—1)¢!

=n_z g+1
J(g) 32 (21

(10.54)

The quantity S, in (10.51) can be bounded by combining the techniques
used in the bounds (10.46), (10.47) and in the bounds (10.52), (10.53). The
resulting bound is

. 3 _ 4 . 6 . 8
S2<J(b—1)-2”+‘{(b yzl) it DAt S 51)} (10.55)

14 I4
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By substituting (10.53) and (10.55) into (10.49), we finally get

ﬂn ym b_z ) B
TESVEITEavy M

f— 3 ol 4 - 6 - 8
Xzb“{(b 71) +b(b 31) +b(b 41) +(b 51)} (10.56)
y- Y 4 4

aM(n, m)y<

The quantity &\*(n, m) in (10.42) can be bounded in the same manner
as @'¥. The resulting bound is

- ﬂ" Vm b2 ) < (b -1 )2>
3 il _ b+
B m) < S Gy g 0D =D 2 (1

(10.57)

Finally, by recalling (10.36), we sum up the bounds (10.45), (10.48),
(10.56), and (10.57) to bound &,(n, m) as

ﬁ” y"l
(n+ 1)+ (m+1)°

2 3 _1)\5 _1)\6
xb_{2b2+1+2b1+b+2[(b_1)+(b 1) +(b 1)]

& (n, m)<

2 3 a

e 4 4
+20+1 (b2 J(b—1)
_ 132 _1)3 _ 1314 _ 136 _1)8
x[l-f-(b 1) +(b 1) +b(b 1) +b(b 1)+(b 1)”

3 2 B

¥ y % %
< ﬁ" yﬂl
(n+ DHE+ (m+1)°

{10.58)

where the final bound holds for sufficiently large # and y. Note that how
large these constants should be depends only on the band number b. Since
the bound (10.58) has precisely the same form as the inductive assumption
(10.44), we have proved that &,(»’, m') satisfies the bound (10.44) for any
n,m =0

10.6. Construction of the Vector v'?'(k)

We are now ready to construct the ground-state vector v'“)(k), which
played an essential role in our construction in Sections 10.1 and 10.2. By
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substituting the series (10.34) into (10.21), we get the following power
series expression for v(?(k) = (v'°(k)), '

. _ «© ﬂIl o< l"l
oik) = w, (k) + 3 (Az> ) <l>

n=1 m=0

X Y Y oa(w {(sn, 1)), {u})

(i 1)) e xU e
withi=I...., n withj=1,... ”
SIS sie 1, it 1) sty

x < II Q.. ,,.(k)X H C.,j(k)> (10.59)
i=1 j=1

J

See the discussion following (10.34) for the range of the summations. To
investigate the convergence of (10.59), we note that (4.12) and (3.9) imply

|ICAK)| < |Z, | =2" (10.60)
and
Q.. LK) <1 (10.61)

By using the above two bounds, the definition (10.35) of &,(n, m), and the
basic bound (10.44), and by noting that the numbers of possible combina-

2n

and (b—1)", respectively, we find that the absolute value of the summand
in (10.59) for each pair of » and m is bounded from above by

|p | >" < l >"1 5 ﬂ" yl"
_7 — b-" b — 1 m = 2V’" 10.62
(A- 2) P 1) (1062)

The quantity (10.62) is summable in # and m provided that (|p|/A%) b*B <1
and A7Yb—1)y2"< 1. If this is the case, the infinite sum in (10.59) is
absolutely convergent. This completes our construction of the ground-state
vector v')(k).

Let us summarize the present result as the following lemma.

Lemma 10.1. There exist positive constants § and y which depend
only on the band number 5. When the parameters A and p satisfy

I£|~< 1 (10.63)
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and
A>2(b—1)y (10.64)

the ground-state vector v'°X(k) [characterized by (10.3)] is expressed by
the absolutely convergent sum (10.59). The coefficients a,(u, {s;, t;}, {u;})
in (10.59) are independent of &, and satisfy the bound

ﬂ" y'"
n+ )P+ (m+1)°

sup (s {(sir 1)} {u;})] s( (10.65)

{sivtid izt n

{“j}i= | —

for any n, m.

10.7. Dispersion Relation

Let us investigate the dispersion relation ¢,(k) for the lowest band,
which appears, e.g,, in (10.3). By substituting the expression (10.26) into
the formal expansion (10.24) for ¢,(k), we find

(w(k), Q(k) Vi) (k)
10.66
(wk), w(k) (10.66)

elky=1 3 p"

n=1

Since v{” (k) is expressed as the convergent expansion (10.34), it is
apparent from (10.66) that there is a similar power series expansion for
&(k).

In fact, by substituting the expansion (10.34) into (10.66) and per-
forming some estimates similar to those in Section 10.4, we get the expansion

o« n o w 1\
w252 5,9
8( ) ngl l‘- Z j’

m=0
X Z 2 0‘2({(51‘, ti)}s {uj})
(si, tiYe¥U < ue
withi=1,..., n withj=1,..m
SL(si ) K (Sivitiv1) Stuujy)

<(11 . ,,.<k>><n cyh) (10.67)
v

i=1 =1

where the coefficient a,({(s;, 2,)}, {«;}) is independent of k. The ranges of
the sums over {s;, ¢;} and {u;} are the same as those in (10.34), (10.59).
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For any n>2 and m>0, the coefficient a,({(s;, )}, {»;}) in (10.67)
satisfies the bound

Sup la'l({(sia ti)}s {uj} )l
{(-Ti- ’i”i:l...u n
{u}j= 1t m

<b 2 _1 . (b m 4 < Z 5;152114-/7 m— y) CXI(I'I— 1 17)
hpz=0 pu=0,1
(10.68)

with £, =1, & =b — 1. Substituting the bound (10.44) for &, into the right-
hand side of (10.68) and performing estimates similar to those in Section
10.5, we find for n>1 and m =0 that*!

ﬁ" y"1
su o> Si’ ti s \YUj < 3
{(xi.li)}il....,nl A1 Ll (n+ P+ (m+1)°

{#}j=tim

(10.69)

again for sufficiently large § and y.

The bound (10.69), along with (10.60) and (10.61), proves the con-
vergence of the sum (10.67) for A and p satisfying the conditions (10.63)
and (10.64).

10.8. Dual Vectors

We shall develop power series expansions for the dual vectors ¥"(k)
(with ue%) defined in (10.6). By recalling the definition (10.4) of the
vector v'“Y(k) with ee %', we can express the components of the Gramm
matrix G(k) in (10.5) as (G(k)), ,=[v“(k)|?, (G(k)), .= (G(k)),..,=0,
(G(K)),, o =0k (01(k))*, and (G(K)).., = [o{(Kk)|> + [01(k)|%, where
e,e' €’ and e#¢'. Thus the b x b matrix G(k) can be compactly written
in the form

VO 0 -0

Gk)= (.) Hk) (10.70)

! 'The estimate for n=1 follows from explicit calculation.

822/84/3-4.21
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where the (b —1) x (b—1) matrix H(k) is given by*’
H(k) = [o{ (k)1 1 + g(k) @ g(k)* (10.71)

with the (b— l)-dimensional vectors g(k)=(v"'(k)),., and gk)*=

((U(('U)(k))*)fe"ll"
It is evident from (10.70) that the inverse of the Gramm matrix is
written as

v~ o0 -0
1= 72
G(k) : H(k)~! (10.72)
0
As for the inverse of H(k), we use the general formula (10.19) to get

1 <|~ 1
TPk vk

By substituting (10.72) and (10.73) in the definition (10.6) of the dual
vectors, we get

H(k) " i g(k)@g(k)*) (10.73)

1
‘7(0’(/\’)=|‘,T(k)lz v(k) (10.74)
and
1 (vl(k))* .
VUk) = V) — o Y (v k) (1075
v ( ) |U(00)(k)|2v ( ) |v(v)(k)|- al;}/ U( ( )V ( ) ( )

where ee%'. We again denote the components of the dual vectors as
VYk)=(5'"(k)), .4 By using (10.4), we obtain from two equations the
following expressions for the components of the dual vectors in terms of the
components of the ground-state vector v\“)(k),

5 k) = v k)| 72 ol (k) (10.76)

for ue,
by (k) = — [vO(k)| 72 (01 (k))* (10.77)
b (k) = — v'OUk)| 72 (0 (k) * (017 (k))* vl (ke) (10.78)

*2 H(k) and the identity matrix | in (10.71) and (10.73) are the only (5 —1) x (b— 1) matrices
that appear in the present paper. Similarly g(k) is the only (b — 1)-dimensional vector.
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and

o L k)* ol (k)]
e T WP o)

2]

where ¢, ¢’ €' and e #e¢'.

Recalling that each v!”(k) admits the power series expansion (10.59),
it is clear from the expressions (10.76)—(10.79) that there are similar expan-
sions for the dual vectors. In order to control these expansions, we sub-
stitute (10.59) into (10.76)-(10.79) and reorganize the resulting expressions
into transparent series expansions. Then by using the bounds (10.65) for
the coefficients in (10.59), we can control the coefficients of the new expan-
sions for the dual vectors. Unfortunately this straightforward procedure
turns out to be rather tedious to carry out in practice. We shall omit the
details here since the required estimates are quite similar to those in
Sections 10.4 and 10.5.

The resulting series expansion for the dual vectors can be written as

P g+ 1\"
s =i Y (L) 3 <3>

g.1=20 m=0
(g+i=1)
X )} )3 z
(qn, rn)y e < (S, 1 eW < wjew'
withi=1,.... g withi=1..., ! withj=1..., n
stgn-r) S{gn+1.rn+1) SL{si M) S8l ki) sLuiSujgp

X fX3(Ll, u’; {(qhs rh)}’ {(Si’ ti)}’ {uj})
g ! m
<A1 Qoo { T (Quaton* HTT €0} (1080
f

h=1 i=1 =1

We have introduced the dual vectors W')(k) = (w'(k)),, .4 With ue# for
the model with p=0 (i.e., the flat-band model). By using (10.76)~(10.79)
with v'?!(k) replaced by w(k) and the definition (10.14) of w(k), we find

| if u=u'=o0
. —C,(k)/A if u=o, ve¥
. A2yt "
"[v:ll’r)(k) — (l +A(k)/ ) X C,,(k)//{ lf ue W/” u' =0
—CJlk)C (k)A*  if uued, utd
1— (14 Ak)/A2) " (C k)2 if u=ue

(10.81)

where we have used (4.13).
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The coefficients a5 in the expansion (10.80) can be shown to satisfy for
each n>1, m >0 the bound

Sup Sup |(l3(u, ul; {(qln r/l)}’ {(sis ti)}7 {uj} )' < Cbﬁn)'}'m (1082)

g.1=0 w,ou
(g+1=n) {qn.ratn=1..g
{sictibi=11
{i}j=tem

where
B=8b'6,  §=8(b—1)y (10.83)
and C, is a constant which depends only on b.

By using the bounds (10.82), (10.60), and (10.61), we can show that
the power series (10.80) for the dual vectors converge provided that

ol 4
%gr():bl,_ (10.84)
and
2(b—1)7
A>10=(—b0ﬂ (10.85)

with a constant 0 <8 < 1, which we shall now fix. Note that the conditions
(10.63) and (10.64) [required for the convergence of the series for v'?)(k)
and ¢,(k)] are automatically satisfied if we assume (10.84) and (10.85).
This completes our construction of the basis states.

10.9. Summability of the Basis States

It only remains to prove the summability of the basis states ¢, ¢~
and the effective hopping 7, . stated in Lemmas 4.2, 44, and 4.3. It turns
out that these bounds are natural consequences of the series expansions
(10.59), (10.67), and (10.80).

Let us look at the proofs of the bounds (4.25) and (4.26) in detail. We
first recall that, for xe A, the strictly localized basis states y*' [ defined by
(4.23) and (4.24)] are written in terms of the w(k) of (10.14) as

W =2m) = [ dk e M, (k) (10.86)
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See Section 10.2 for the notations. Note that (10.86) is a special case of
(10.9). From (10.9), (10.86), and the expansion (10.59), we find for xe 4,
that

P =0 = (21) ™ [ dhe e (0, (k) ~ W, (K))

u(y)
o0 n m
p 1
n=1 m=0 (s tiYeU xU wieu
withi=1..n with j=1....m
SL(3 ) S<(Sigr tivl)  Stouysujyy

xay(u(p); {6 2} {w}) L ({ (s 1)}, {n})  (10.87)
with
L ({1}, {u})
=(2n)~dj dic e~ =9 <1:[1 0., ,,.(k))(j[:il c,,j(k)> (10.88)

Recalling the definitions (4.11) and (4.12), we find that

> (G ) {uhl < {man< PO LA )}"(2“)"'@”"' (10.89)

ved wed

where we used (3.22) and |%;| =2". Similarly we have

Z |x_-y| . |Ix.y({(si’ ti)}’ {uj})l

red
n—1
B P o B, o
zed wed zed wed
+m{max< Yol )} PAS i '<Z |g|)
ced weA geFy

<nR+ m i) 2

<(n+m)R2™ (10.90)

where we used (3.23) and noted that |g| = ﬂ/Z for g € #. In the final step,
we used the assumption \/;/2 < R introduced right after (3.23).
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We substitute the bound (10.89) for I, and the bound (10.65) for «,
o (10.87) to get

Y ot —yi?|

‘EA
I I n <1>'” 5 ﬂ” y'"
N} = b(p—1y" . v
0< A ( ) (n+l)b'+l(m+1)b

<[, )L 2 e

<2 (1091)

for p and A satisfying (10.84) and (10.85) [or (10.63) and (10.64)]. The
constant B, will be fixed later.
Similarly we use (10.90) to get

% k-ller-ui< 3 3 (A () b(b— 1)

veAd n=1 m=0
ﬁ" y"l o
X(n+1)b:+l (m+1),,(rz+m)R.2
<B lel (10.92)

which is the desired bound (4.26). The bounds (4.25), (4.26) for xe A’ as
well as the remaining bounds (4.27), (4.28) follow in the same manner.

The bounds (4.32) and (4.33) for the effective hopping 7, , stated in
Lemma 4.3 are proved in exactly the same manner by using the definition
{4.31), the expansion (10.67) for ¢&,(k), and the bounds (10.69) for the
coefficients.

The bounds (4.36)—(4.39) for the dual basis states can also be shown
in the same spirit. A major difference is that @' does not coincide with the
strictly localized state ') when p =0. To control this situation, we note

|(p(\) lp(\)l < I(p(\) l//(‘:\)l + IJ;’-")_l//;;")l (10.93)

where " (which is the dual basis states for p=0) is defined as

l'/;;'x)z(z ) jdke_'k (\—\)wm(\)))(k) (10.94)

H(y



Stability of Ferromagnetism in Hubbard Models 651

with %*“/(k) defined in (10.81). By using the series expansion (10.80), we
can control the term |@") — t//“’l in exactly the same way as we controlled
lpt) — ] in the above. Consequently, we get

x x | o Tox
Y 16— < B, 'f Y I(p‘y’—n//‘yﬂsBl% (10.95)
xed yed
and
S byl 195051 <B,R Y]
red (10.96)
Z |x—y]- I(P(A) l//“)|<B R,f,
VEA

At this stage, we fix the constant B; so that the bounds (4.25)-(4.28),
(10.95), and (10.96) are simultaneously satisfied.**> Note that B, depends
only on the band number b.

To control the second term in (10.93), we first note

‘ZLX)_w;X)=(2n jdke—:k (x— y)cil;z(‘\)) (1097)
with
1 if u=u'=o0
o) AR+ AR %S ~Cub)/2 if u=o0, Wel’
tu= ,,(k)//l if ue®, wW=o
—(C (k) C.(k)/AD)(1 + A(k)/AY)~ if wued
(10.98)

The expressions (10.97), (10.98) are straightforward consequences of
(10.94), (10.81), (10.14), and (10.4). By expanding {1+ (4(k)/A%)} " in
(10.98), we can express /) — (") as a power series of A~2 By analyzing
the series, it is easily shown that, for A > 4,, the summations

3 Of course it is possible to state the bounds (4.25)—(4.28) with smaller B, than in (10.95) or
(10.96). We have unified the coefficients as much as possible to make the formulas less
complicated.
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LR N Y PR TRl

yea yvea
Z , (A) (\) , Z Ix_yl (,\) \/I('\)
xed xed

are all bounded from above by B,/A% where B, is a constant which
depends only on the band number b. By combining these bounds with
(10.93), (10.95), and (10.96), we get the desired bounds (4.36)—(4.39).
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